Artworks des articles de
recherche

... and beyond

David Coeurjolly, Vincent Nivoliers



Disclaimer




C2

5

o,

N




> @ packages
> B resources
v (= tex
v [@m parts
™ 0_abstract.tex
N 1_introduction.tex
N 2 related.tex
N 3 fundamentals.tex
N 5 methods.tex
N 6_from_theory.tex
B 7 evaluation.tex : GO .to h el I '
B 7-backup.tex -
M 8 outcomes.tex
N 9_appendix.tex
N body.tex
N table_methods.tex
N teasertex
N body.tex
N dfadobe.sty
N dfT1pcrfd
N dfT1phv.fd
N dfT1ptm.fd

N eg_new.eps

™ eg_new.jpg



Preambule







Surface Multigrid via Intrinsic Prolongation

HSUEH-TI DEREK LIU, University of Toronto, Canada
JIAYIERIS ZHANG, University of Toronto, Canada

MIRELA BEN-CHEN, Technion - Isracl Institute of Technology, Isracl

ALEC JACOBSON, University of Toronto, Canada

Fig1
the high resolaion shape via s coarsened courterpart,

bierarchy (from lf  ight) for our multigsd methor (e, o sove het zeodesi

“This paper itroduces s nosel geomet s muligrd slver for nstructured

for

obtain s
s [Cranc 1o 2017, ft ety el b Benot R andes CC BYNC.

cursed domains remains a challenging problem. The crtcal mising in-
redient is  prolongation aperator to ransfr Runctions across diffrent
multgrd evels We propose a novel method fr computing the prolongation
for trangulsted

@)~ )

pre-compute ol pro-campute

Fig. 2. Many geommetry peocessing lgorithms that insolve soling linear
™~ build

systems.

i

achicves beter converence than existing multzrid methods. C

and ()
thesystem Ax = b, Dirt solvrs .2, Cholesky) prform pre-<omputation

o directsalers,cur solver i arders of magnitude aster, We evalute o aiter buid e
method on many g a Geometic mligid solly based an
the geometry. Ths, h

solver,we upgrade cxisting algorithms o intersetiv frume raes, and shill

i s con v he s recompred e 1

ing.

e wlvrrs e, Cholesky factorization) are commnplace. Unfor-

Additions] Ky Words and Phrase: comprer sraphic, gcome e

ACM Reference Format:

Hisuel Ti el Liu Jiayi Bris Zhang, Misela Ben Chen, and AleeJacobson

2021, Susface Mligrid v Intrisic Prolongation. ACH [ras. Graph 40,4,
1

o peoloms o g sesotion e meshes. Foeesly oo
plications where the lineas system changes at every iteration (g
imon dreet solves i spenive e oo

1 INTRODUCTION

For problems segular grids),
an excellent alternative s geometric multigrid et Googtt
‘multigrid solvers perform pre-computation solely based on the ge

For positive (semi-Klefinite problems defined on surface meshes,

This enables mltigrid methods to solve the system effciently in
Ninse e vt when the s changes vt i, k-

Soaor Thiveiy o T o i o
otontodu; iy Eis Zane, Uiy of T i rid solvers
r &

2 D), the
Added compleity ofimmrsing rngle msbes n 3D s e &
black-box” until now:

Inhis ape, e proposea s Galronseameric g sover
shes with or without boundasies. Ou key

e it e Copyights o hd patycomport o i ok st b Bosered.
Forallothe o, contat he o bort.
2 ol ot

st —

.rmdmm is a mthod for computing the prolongation operator

based on the intrinsic geometry. Our multigrid solver achieves a
e compares

Replacing dicect solvers with our black-box susface maltigrid solver

ACH T, G, Vol 40, No. 1, Al 0. Publcton dite: Augast 021,

02+ s Ty Derk iy s Zhang, Mira B Chen d Al acolson

Leads to arders of magnitude speed-up. We show our method is
hing |

shell simulation, with linear systems of different sparsity patterns

and density. Our contributions tum existing algorithms into inter-
Fig, 19)and

Solving linear systems (.., Fig. 29).

2 RELATED WORKS

rid methods (Brandt 1977) have carned a reputation s ane
afthe st mumerical lrs orslving near ystems On e

b of terations

Fig 5. When slving,  Poisson problen defined o the surfce mesh top

2013, Trottenbe:
iy ot Lo 201 T e mlind b e o
st s o v bl st o

Joathan D Coben Dinh M. s Mace O

Surface Waligidvi ninsic Poongstion + 3611

en—

o o 23 00 o

'
Compue Goom At 151 G008 61
g Chol Wit s Wk o

Lk S Conpon s Hons Pt e 199 A oo Pk

bR 11 o, 5. s g
e i Go, i Db Nk ey, s Ty Do 216 S
esteio s for geomty procesing. ACH s Gra 35420161, 1351

0 o Comi e i S Tt i AL
Fourier (s, Comacian ot ComemimiationsSc
iplcan matices o cusptergaghics ACM Tons.Gragh 32, (2013), 131

Thawy 5.3 013, 8010,
Mo Frcagels e T, Fibo Pelein. 51, Vivace: il
sl maiod o bl 0 by ACH T, G 5.6 G

e ——T e T
JunyuLi Yo g Chan G, Clesogher Bty st WL Was, 20, Fstand

Cotons. ot Grgh. oo 3,2 2020 25, e tar 0V

e mﬂandnm\dmmg

etal. 2010]. Even for problemns where the onguu.\ rupmsumxlmn is
unstructured, an ausiliary background grid can be introduced for
‘multigridto pestorm effcient comsputation and transfer the solation
back to the unstructured representation. For cxample, one can run
‘multigrid on  background hexahedzal mesh to simulate clasic de-
ket al 2011; Zhu et al

[MeAdams et al. 2011]. Chusang et al. [2009] deploy multigrid on
abackground voxel grid to solve Poisson problems defined on the
Surface mesh. To reduce the complexity of using structired repre-
sentations, adaptive multigrid methods are developed for subsuface

14],

and other graphics applications [Kazhdan and Hoppe 2019]

Domains. Dircetly .

ight, aur multig e o P T —— e © o and Do
A T Gl 2.4 200 o073, Db, 19, MATS:Malirschuton Adbpuve Pamameesaionof eues. I
G & b, 17, S
including the clasic Ruge Siben (RS AMC) [Ruge and Stiben 1957] and hez ki SGGRATH 19, Oand, . LSy 52,150, Sve Coringh,
o] e e, SR 137 Lt O O 35197 Wl st an MicoelF. Conen () ACHE 55104
B Pt o o o M Mo £ Lot s
Francisco ot Guspr o Ao Tins G 213
defaul models by il o M Nt Tokr o, AL, 54 o 13 o2y 2237
BY A ooy unt-2e - 7% o m‘,,. n*.m.m i o St o, Mo g,
Nt b 3 oty 12
put i i - i
St G iy o D S, o gt el oy
RS cror RS e f e fo Wge s Cnpnering st of i shell n Sewnh ACH  Ligang L, i 7ang, Vi Xy, Cr Gotsan, an Sevn . Gontle, 2008
w o« O . Compor Gt o 21.5 08,
. o o S T sl
e L s Nk e ) ACDE 265 s a "
~ 4 ek oo i ko, e S o e Swelens, 2102, bt T cmare o seave «.M.‘,.W.M e o et A
w Puceings of T ) 15t
e nl Sy o Compasion ooy o Sy Jne oo 500313057
Nehes Comput. Grph i .8 G0V, 287235 e dotong 1011
oo G, K Vil Wik, and P S, 901, Noral s
Aumber ofterations i SO 10 o O L. (54 e Y Saverfor P gn.u;mm..ugmm T i of e D oo
e i A CACHNIGERAP Sympotiom o ot At A 230, i, i,

Fig.4. Compared o he prolongation based an the vertex 1-ring sverage
[Aksoylu t al. 2005 forange), our prolongation (bue) leads (o a faster

unstructured *grds” in

and 3D tetrahedral meshes) has also been an mpartan problem
or decades. The i dfealies e I how fo condirae he
grid hicrarchy and how to transfer signals back -and-forth across
different grid levels. In graphics, unstructured multigrid for 2D tri-

coordinates on triangles or tetrahedra. Recently, Xian et al. [2019]

patentis prescbed by 2D boundary curve, 1 the methods pro-

posed i eon et al. 2013 Ob et a. 2008 Waa et a. 2018, they

generate the bierarchy i  conse-o-ne imanner by Uiangulating

Uhe 2D design patesn ad then recursively subdiviing i 0 gl

ier ssoltions, Wang e al. (2018 genvrae the mudlighid et

ly from fne to-couse by lusteing vertice o the i mesh nd
When

b
Georgil and Westermann [2006] build the hierarchy with different
ahedralizations of the same 3D domain. Otaduy et al. [2007]
repeitively compute the offset surface of the boundary mesh, deci-
mate the offst surfice, and tetrahedral-mesh the inferior to obtzin
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B DIRICHLET BOUNDARY CONDITIONS

Solving a linear system A
dratic encrey

bis equivalent to minimizing a qua-

)

AT
AT %)

whe

¢ ome can derive the same linear system by setting 95/,
One way to handle Disichlet boundary conditions a(known) = ¢
i to reformalate the quadratic energy using only the unknown
variables. Here we use known and unknown to represeat indices of
knowns and unknowns. We fusther use xj, = x(known) to denote
Known variables and x, = x(unknown) for wnknown variables in
x.For matrices, we follow: the same nofation. For example,

Ak ilenovn, known) to represent the corresponding sub-
block in matrix A, We then rewrite the energy as (assuming A is
symmetric)

Elsu) = 30 A + X Auksi b+ constant. (8)

1
7
By setting the derivative 10 zero, we can derive a reduced linear
system for only unknosns

A 0= ~Agixic + b ©
ey s

We can leverage the same trick to incorporate Dirichlet con-
straints in the multigrid system. We use x to denote the coarse
= P where the P s the G

opeator. We can then write the unknowas as

0 = Puxe a0

where Py = P(unknown, ) (MATLAB noation) represents the rows
of P that correspond o the unknovn indices. Adding this o Eq (11)

Leads to

B = JPure) AualPuxe) + Puxe) A (11)

= (Puxe) Ty + constant. (12)
}xrm,,“ym TP A (13)
~ xTP]by + constant. ()

Sianilacly, stting the derivative with sespect 1o xe wesults in

P AuPu Xe = PL-Aukxi + bu) (15)
e s

We can notice that, except at the second fincst leel where we

need 1o exteact the rows in prolongation that orsespond Lo the

anknowns Pu, we can solve the lincar system at coarser lvels
ithout woreying about the constraints.

Another specal case may occar when there ae too many known
indices. T too many variables in  are given the reduced system
P APy may have compltely sero rowscolumns To bl this

e case. we fther semove the colums on Py where the masi-
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s et al. 2016 solvers that leverage the subiivi-
Sion’s regular sefinement process to definc the prolongation. For

archy based on the progressive meshes [Hoppe 1996; Kobbelt et al.
1998] and define the prolongation operator using global texture

Fig 7. We conduct .

(i), ndthe g i rah. o o O o e

conrsening ratio betsween cansecutive levels (sce Tig 27). In terms
idel s usually.

duc

pute a prolongation operator based on a weighted average among
Ksoylu etal

o o et comtraction baed o remon g e
: o

prlongation by averagig among the one ring neighbors. Thee

Surace Muligrid v ninsc Probngston + 83

level o lecel 0
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iz 5 The multigrid V-yele proceeds from the inet gid (lvel0) o the
conret id e H)ad o e 10 s 1 g O nch
1 Forthe o e, v e
he o . compu he coacion rolon e camecon ack 1o
oo e pest o s oo, and e e orecion ot
et o g e Gl e e
defin the system matri a a conrser evelas Ay = PTA1P. Smode by
®

and easicr to paralelize,ever though each iteration is less effective.
In terms of the number of relaxation terations, usually a couple of

mam value i 7ero and ponding rows n the p
at the next level

€ SUCCESSIVE SELF-PARAMETERIZATION

sterations 2 or o bandle the high-
Wile we alo notie that some multigrid methods (e, [Xian et l.
20191) use lower-order prolongation with many more relaxation

i r

(combinatorial information) to define the prolongation. Tt one-

needed o understand our method. Note that we use “grid” or “mesh”

quires on
average 6 vertices to interpolate the result on a vertex, in contrast

y to denote the y

Multigrid methods solve a linear system in a hierarchical ruan-

e by cmploing two conlementry proesses: lasatonand
Rel I

less aggressive 2 1d
d transier, but it oflen result

Our y
riangle mesh s mapping

e uuudmn(rs We rportthe rantme o pre-computation
steps in Fig. 1

the other hand, using a more aggressive coarsening ofen leads to
lasge inter-grid transfer crror and slow convergence. Our default
025

sanall change to an existing edge collapse algorithn, Specifcally,
right afler collapsing a single edge, the only modification s to use
the method deseribed in See. 42 and See. 43 o formulate the joint

until we reach the coarsest mesh with o lsser than 500 vertices.
In each V-cyele, we use the Gauss-Seidel relaxation with 2 pre- and
post-relasation ierations. Our experiments suggest that the optimal

UV domain. To
dnlcmnm et e cllapse and e tateing s vl e e

pendi B in [Lin et ol 2020] for more details, During the
queryig s, for  given query point rprested s aryeenric
coardinates, we simply go through the lst of lcal oint UV param-
eterization we stored from the decimation stage and update the

o the geometry and the PDE of interest. But we use our default
parameters for all our experiments in Sec. 6 for consistency:

E FAST DATA SMOOTHING

When we discretize the data smoothing energy Taq. 6), we often

Tig. 8. We pre-store the face indices involved in each edge collapse
50 that for each query point, we can easily check whether this point
i involved in the collapse via checking the face indices.

D ABLATION STUDY

(@Q+ (1= M)x = (1 ~aMF 16

where Q is  matrix that depends on the choice of the smoothness
energy, M is the mass matri, T s the noisy function, and a is

n ~ A the In order to build
Iso play a role in n would be doing PTAP

terme o sopping e the euray ¢ dependsontheprolem iy, but wecanactslly p he computticn i

and the size of the mesh, We usually set 10°2 < ¢ < 107 in order

o gt visually indistimgshable resls compcd to the round
truth. € s the

PTA

a(PTQP) + (1 - 2)PTMP) )
P7QP and PTMP even

in the previous iteration in mesh deformation, would further re-
duce the number of terations Lo gt the desized accuracy. For other
hyperpasameters, we conduet ablation studies on the choice of re-
Iaxation methods, e /post-selaxation iterations pe. Ao, nd the

4
the parameter . As a results, dusing the online stag auser
adjusts , e only requie an effcient matrix addition to compute

the system matrices for all the multigrid Levels,
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et omputesth prlonstion bt on saome
o sl st Shpet o 0] i bl

coarse-grid
et o corect the igh-euncy e beben she curren
Solution and the cxact solution of the system. Coarse-grid correc.
ton vl trnering e o reguency xo o cores mesh

g the uccess of using barycentre coonlnates i the Euclidean

35

oo staieis i cosiet i i e

through of cquations, then
transerring. et v G i prolongation
(aka. interpolation). This process of going from the fine grid fo the
coarse grid and then back to the fine grid s called the V-cycl (see
Fig.5).

scalability (as memory allows). an precision. Fatorizaions can
forchanging g und s e g, 2 ut i

anges Spcilctses of s chinges e e .mmnm exe-
cuted: low-rank updates [Chen et al 2008; Cheshui et al. 2020]
or partial re-factorizations [Hesholz and Alexa 2018; Hesholz and

ig. in-
formation back and forth betvween grid levels are keys to determine
the efficiency of a multigrid method.

Ou method belongs o geometic muligrid based on the Glerkin

methods that builds the hierarchy purely based on the geometry
requiring no knowledge about the linear systern. Galerkin coarse:
grid approximation builds the system matrix Ac on the coarsencd
mesh from the system mateix A on the original mesh as

Ac = RAP. [t

where Lo transfer signals o the fne
P

D to the overhelming. ,.np.,v,.nw T Chalsy fvtration.we
focus on it for many of our head-to-head comparisons

shto
e gl o coar o, When s e mony
methods ofien defne R = PT_ Thus rolonation
apertor b is cxtremelycriin for Galerbin i because
dermines ot h qaly o thecursened ncar syt AP and

7). Al 2, we provide e code o the Calerkin i V-

linear systems Ax = b In this paper, we propose a novel geomet-
ric multigrid method for solving lincar systems defined on curved
surfices, represented as irvegular riangle meshes. We refer readers
to excellent resources on muligrid (Brandt and Livie 201 Trot-
temberg et al. 2000, here we give only the

eyele where P
prolongation must accunmly mm!pohm o o o
distortion) o ensure fust convergence. The prolongation also needs
1o be sparse to enbance the solver cffciency at courser levels.
Defining a prolongation that satisfes these properties s well-
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Fig.e

shapes,
CC BY-NC A and Landru (ft 7) under CC BY.

and cmodels by Oliver Laric (et 1,5, e

omthe famewor o Lt 2020),which cante perived 0
combination of Lee et al. [ o et al. [2003]. The key
differences of our method mu\pnmd o [Laveta 2020] e 2 vl
Joint flattening method (see Sec. 42) o further reduce the disortion

alization to meshes with boundasies (see Sec. 43). For
the sake of reproducibiliy, we reiterate the main deas of successive
self parameterization heze.

41 Successive Self Parameterization
Let MO be thefnput fine mesh withwithout boundary,and A is

Fig 7.
(right). we compute a bijective map between the two so that fo any given

dvice versa

successvely o s seriesof meshes M with0 < 1 < L
until the coarsest mesh MZ. For cach pair of meshes ML M1
wese £, + M! —» A1 1o denote the bifctive map between

suaces remain a challenging problem until now. In this paper, we
use o compute

erator P for curved surfaces based on the intrinsic geometry. Our
novel joint Hattening further reduces the distortion caused by the

then The main idea. 1, onthe-fly dusing the

levels to obiain the final map 10 : M? — M as
f=feo £l @

. the gueston bl down 0 computation o the
|

maps £, before and after  single cdge c

parameterization and our extension to meshes with boundsrics For b cdgecolpi, e ingultion monly e the same
app p T i

trics. ying our ‘o the Galrkin muligrid 11y the mapping Ige 1-1ing.

§  achieves better convergence over altera-
tive m\vlngld methods for curved sursces

4 INTRINSIC PROLONGATION
“The central ingredicnt of Galerkin multigrid is the prolongation

ncghborhaod. Let A¥ (k) be the ncighboring verties of a vertex k
(including vertex kitsel) at level Fand let A7(0. ) = () U N ()

is that the boundary vertices of A1 ) before the collapse are the
same as the boundary vertices of A/*1(k) afte the collapse, where

opeator to interpolate signals from o ed mesh Lo its e
version. We compute the prolangation by maintaining an intrinsic
as opp
.

2011)). Specifcall, we parameterize the high-resolution mesh using
the coarsencd mesh to obtain a bijective map between the tw (s
Fig, 7). Given a point on the high-resolution mesh, sve can obtain its

D
and vice versa. We can then assemble a lincar prolongation operator
based on the barycentric information.

. Hence,we
compite s shared UV-paamcterzaton fo the ptehes encoced
by N1(i.j) and M"‘m ith the same boundary curve. Then, for
any given point p! € M/ (represented in barycentric coordinates),
e il e el O st o 1o
Comespanding byceniic cordiates 1 € M) s vice-versn,
shawn in i

42 Joint Flattening

“The key idea i to successively build a bijective map for cach deci-
‘mation step and assemble the full map via compositing all e maps,
Our method for computing the successive paramelerization i based

ACH Touae Gl Vo 0 No. 4 Arice 80 Publistion dte Agust 221

The by Liu etal. (2020]
consistency by fust lattening the elge 1-ring A'(1. ) and setting
the boundary vertices as haad constzaints when lalening the ver-
tex 1-ring A™(8)afte the collaps. Although this method can

i . Sineboththe e 1 ing o e ol () and e e

o boundny ove i e vyt e ed OV spce
M

totioncompared o the metbod by Lt . [220]

For the notational convenience, e use V7,
s ad s of e ol pach i A, before the collpse,
note the vertices and faces of the local patch
u(, et collpe. We the wrce the i chersy

where we use U! € R o represent the UV locations of V at
Jevel and cach uf € B2 denotes o U¥-vertex positon. We also use
w0 to represent th boundary vrticesof A4, ) and A8

e the constaints, e intodice ot vriable

U = U1 U UM (e Fig, 10) to incorporate the cquaitics nto the
degrees of freedom and far . (3) into an tmconstraincd probler

Fig 0. Ensuring
vertice (back )
constrsint by intr
of freedom on th

Fig 11 When on
case), we have to
location to cnsur

£ (i ) ol

5. 12, When th
Ul = (e o

weuse o epre

shared pazamel
o preserve the.

energy for the patch before and afte the collapse simultancously:

ges,different treatment i equired to ensure the

choiees. Suppos
vertex k, we co
@) vertex k lies
by i.j. Even tho
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Fig 1
the high resolaion shape via s coarsened courterg

obtain s

e om0 A ot 1 et 05, slv b e [Crae L . 01, . o by Bt R s CC BYNC.

“This papes introduces  novel geometsic anligrd solver for nstructured

for linear

ettt e e e o e wioine
eredient is  prolongation aperator to transfer functions across diffrent

multgrd evels We propose a novel method fr computing the prolongation
for trangulsted

([t shape) - (T system i A)- (Bl ) (S A= 6)

pre-compute pro-campute

Fig.2. Many geomelry processing algarithms that involve soling linear
P ) build

systems.

achicves beter convergence than existing rultgrid methods. Compared
o directselers,aur solver i arders of magnitude faser, We evauate our
method on many geometry ety of

thesystem Ax = b, Dirt solvrs .2, Cholesky) prform pre-<omputation
aterllding A, making t suitabiefo applications where oy bis changing,
solely based on

solvs, we upgrade cxistingalgorithms o ntertive frsane taes, and shlt

el e i et o et i

directsolvers e, Cholesky factorization) are commanplace. Unfor-
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tunately, direct
for problems on high-tesoluton susface meshes,Especially for ap-
plications where the inear system changes at every iteration (e
simdation).diset solves eqie an speasie e actorzaion

1 INTRODUCTION

For problems 2D/3D regular gids),
an excellent alternative s geometric multigrid methods. Geometric
‘multigrid solvers perform pre-compulation solely based on the ge

For positive (semi-Xlefinite problems defined on surface meshes,

on e T T ek . Dy o T, Cars b

¢ £2)
This enables miltigrid methods to solve the system effciently in
linear fimeeven when he sstem change a cch ime st Ml

oty s hont Uy o T

o s (eg.
Sty riangle meshes m 2D or tetrhedral meshes n ). he
added complexityof immersin rangle meshes i 3D s e 8
“black-box” multigrid solver for lusive untl now,

Inhis ape, e proposea phii scomsric mulld e
meshes with or without boundaries. Our key

an e st page. Copyrights rmhn;d—m;x comporers o b okt b b
For all ot ae. cntat hs v sbor

o o i e v ey

st —

Cascaded Sobol” Sampling
Supplementary Material

1 ADDITIONAL RENDERING RESULTS

lrwndwm 2 mthol for compuin the pefongarin opesior

based on the intrinsi geometry. Oue multgrid ol achieves o
rate compared 1o ali ‘method

Replacingdirectsolvers with our black-box surface maltigid solver
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Leads to arders of magnitude speed-up. We show our method is
hing |

el smulton. wih It sysers o st spvsiy patens
and denity. v contribuions ur cxsting lgorthms v it
v appeations (5. g, 19) s it bosnencek vy rom
Sling near sysem . Fig. ),

2 RELATED WORKS
Mligrid i Brandt 1977 v cared a repustio e
e st e s o soing e s O e

thearetically m.w»..m i rotenberg e 1. 2000) and prac.
cally [Brandt and Livne 2011]. In graphics, multigrid has been an
attactive slution for intracive and e scle :npphnum\x on

RMS arrar RYS arror

™

b of terations

Fig 5. When salving a Poisson problem defined on the suface mesh (1op
-
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inclucing the clasic Ruge Stiben (KS-AMC) [Ruge and Stiben 1957] and

95|

e o e mﬂgndmnulanm,

[Olson and

019,

et s Emadels by

etal. 2010]. Even for problemns where the ongmnl mpmsmmnun i
unstructured, an ausiliary background grid can be introduced for
‘multigridto pestorm effcient comsputation and transfer the solation
back to the unstructured representation. For cxample, one can run
‘multigrid on  background hexahedzal mesh to simulate clasic de-
formations [Dick et al. 2011; Zhu et al. 2010] and character skinning
[MeAdams et al.2011]. Chuang et al. [2009) deploy multgrid on
abackground voxel grid to solve Poisson problems defined on the
surface mesh. To reduce the complexity of using structured repre-
sentations, adaptive multigrid methods are developed for subsuface

t 14],

and other graphics applications [Kazhdan and Hoppe 2019]

Unsctue Ecdea Dol Disclydeloing i o

CBY s,

RS crror RMS cror [ '

b of terations

4. Compared to the prolongation based an the vertex -ring average
[yt 005) (ranger, ous polngacon (B las to 3 er

unstructured *grds” in

an 3D ttrahedral meshes) has alo been an mportant problem
or decades. The i dfealies e I how fo condirae he
grid hicrarchy and how to transfer signals back -and-forth across
different grid levels. In graphics, unstructured multigrid for 2D tri-

coordinates on triangles o tetrahedsa. Recently, Xian et al. [2019]
s *mesh free” alternative for tetrahedsal meshes. They pro-

pattemnis prescribed by a 2D boundary curve. I the mthods pro.
posed i Deon et 2013 Oh el 2005 Wan et al 201),
by teangulating
the 2D design pattern and then recursively subdividing it 1 et
s reoltons. Wang et [2018] g e il
by from fie-to-conse Ly clustering veticeson he i

g the 20) domain, When

Georgil and Westermann [2006] build the hierarchy with different

thebierarchy: Sacht t al.[2015] ollow sl echnique but with
- 1999

“meshes’
o define the prolangaton asing plecewse constant nterpoltion
which only requires the closest point query.

Algebraie Multigrid. A popular alternative to deal with unstruc-
tured meshes is to use algebraic muligrid [Brandt ct al. 1985]
which builds the hierarchy by treating the linear system matrix
as a weighted graph and coarsening it This approach makes no
assumptions on the structure of the geomery. Thus, it i dircetly.
applicable to any unstructured domain. For this reason, algebraic

‘methods are deployed to mesh deformation [Shi ctal, 20061, cloth
simulation [ Tamstorf et al. 2015], and other graphics applications
[Keishnan et al 2013]. However, the cost of algebraic multigrid's
gencrality is the nced to re-build the hicrarchy whenever

sys

recursively remove the maximum independent set of vertices and
tetrahedsalize the interior, These unstructured multigrid methods
for the Enclidean domains rely on the fact that every level in the
hierarchy is a riangulation or tetrahedralization of the same space,

i Furth deining the fnter grid
transfer operators for algebraic methods is more challenging and
leads to worse peformance compared to our method (sce Fig. 3.

Curved Surfaces. When it comes to susface meshes, defining the
the

Thus,they can casily define
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A MULTI-COLOR GAUSS SEIDEL

Our malgsid method spendsa o ofthe runtime o th Gauss

W e e Seidel relmation
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Specifically, we treat the non-zero o Sgomalenries of  gven
sparse mateix A as a graph. We color this graph so that cach node

of the method proposed by Welsh and Powwell [1967], summarized

each color from a st of k colors that have been previously used for

). A color choice is valid if not matching any of
node i IFvalid, node i i colored

Zhimdng Wang Longhus i, e Faccagel M T i Wi
.
7, 51t
.1 A Bl sd M. . el 1967 An pper bound fothe hiomti nberof
rphand 1 applcation o Uimetablingproblems. Corput 1 10,1196, 535

and that color is moved to the back of the list. I no valid color is

found in the list,  new color is used and added to the back of the

list

v +1El)

a0 . 6, 11
FuiZao Na L, Xuan L P Zang. Ke Xo.and Xiafen Gu. 2017 Rl

Fper Teiper
o e o 1 4 Ol St ot 0 oo
Vonging Zh. Elychios Sifkis. Juseph Tean. e AckiBradl 010, A <lens

Gt .2 (Ao 61167

araph cooring reardering

Fig. 2. Given asystem matix with the sparsty patter shawing on the
left, we first use a greedy graph coloring approach detailed in Al
“paint”the ariables that are ndependent of each other with the same color
(middie) Then we perfor eorderin, 0 roup the sariables withthe same
colo ogether (ght) to parallelive our Gauss-Sedel elaxation

Algorithm 3 Graph Coloring
+ sort odes (n) by degree
» pallete
. for cach noden; &

4| N e gather colors from painted neighbors of ng
2 | e find fist entry in pallete not occurring in N
o | iFcisnot found then

P ¢ e new color

. append ¢ to palletie

o | ele

w || movec to bk of paliete
s | paintng with colore

ACH o G, Yol 4. No. 1, A 0. Pubistion dte Agst 221,

y comp
colors(for spar:

se matrices, k = |V

respectively, where k s the number of output
‘Akbiough suboptisnal (fnding.

theaptina] oloin £ NEomplet), by tpefos e

method of [Fratarcangeli et al. 2016] in runfime, memory usage,

olor prsimony. By moving seleted dlors fymamicaly ot back
of the list, we achieve better color balance (see, e, Fig, 26) than
considering the lst in fixed order of insertion,

B DIRICHLET BOUNDARY CONDITIONS

Solving a linear system A
dratic cnergy

One way

ne can desive the same linear system by setting 02/
to handle Dirichlet boundary conditions x(known) = ¢
s to reformalate the

bis equivalent to minimizing a qua-

B = 3 TA T &

i quadratic cnergy using only the unknown

ve use known and unknown to zepresent indices of

knowns and unknowns. We fusther use xj, = x(known) to denote

Known variables and x,
x Iormm'mrsmrfu\lm\ the same notation. For example
known, known) to represent the corresponding sub-

Xunknown) for unknown variables in

(
Dk e . o e et e energy as assuming A s

symmetric)

1
]

& Auxu + % Aukvic ~ xgby + constant.— (8)

By setting the derivative to zero, we can derive a reduced lincar
system for only unknosns

A 30 = i b ©
B ms

We can leverage the same trick to incorporate Dirichlet con-
stins i the muligrid syse
L

e use xe to denote the coarse

= Px, where the

olnmlm' We can h et a2

where P,

= Puxe a0

Plunknown, ) (MATLAB notation) sepeesents the rows

of P that correspond to the unkown indices. Adding this to Eg. (1)

Leads to

B = JPure) AualPuxe) + Puxe) A (11)

= (Puxe) Tby + constant (12)
= DA TPLAwPare 4 TP Ak )
<P b + constant, )

Sianilacly, stting the derivative with sespect 1o xe wesults in

PEAwPu Xe = PLAuR, +ba) as)

dud LS educed RS
We can notice that, except at the second finest level where we
need 1o extract the rows in prolongation that corzespond to the
wnknowns P, we can solve the linear system at courser levels
ithout worrying about the constraints.
Another special case may occar when there are toa many known

e case, we further remove the columns on Py, where the mai-

Sunsce Muliged via Isinsic Prolongation + 8013

el terations

RMS  relations coarsening ratio

muber ofertions

.27, We conduct

Enclidean case, This is because the vertices ofa high-resolution sur
face mesh do nol L on s corsened counterpast, ths u.L suaight

rycentric computation i not immediately applicable. In
e specnl cuse ofsbdivion e where e hirarhy s v
there exists cffcient geometric multigrid (Green et al. 2002] and
multilevel [de Goes et al. 2016] solvers that leverage the subivi-
sion's regular refinement pracess to define the prolongation. For
umstructured surface meshes, Ray and Lévy [2003] build the hier-
archy based on the progressive meshes [Hoppe 1996; Kobbelt et al.
1998] and define the prolongation operator using global texture

Fi
includin number i

Nt (200]and sy i [20) fnda
1o buld  hie

(i), ndthe g i rah. o o O o e

coarsening ratio between consecutive levels (see Fig. 27). In terms
of the selaxation methods, Gauss:Seidel is usually the go-to choice
due the high.

Practitioners may also prefer the (damped) Jacobi because t s faster
and easicr o paralelize,

v e ofth b o easation nerations, sualy » couple o

even though cach iteration is less cffective.

mam vale i 7ero an ponding rows in
at the next level

€ SUCCESSIVE SELF-PARAMETERIZATION

sterations 2 or o bandle the high-
Wile we alo notie that some multigrid methods (e, [Xian et l.
20191) use lower-order prolongation with many more relaxation
Stration to compensate fo the nter-rid transfereror In fen of

1

our

]

riangle mesh pa mapping

vertices on th
e conndimates. We report the e o pre-computation

steps in Fig.
ly requires a

hicrarchy as
e othe hand, ki o agresive cosrscning ohen eads 10
lasge inter-grid transfer crror and slow convergence. Our default

sanall change to an existing edge collapse algorithn, Specifcally,
right after collapsing a single edge, the only modification i 1o use
the methd dscribedn Se. .2 and 5. 43 0 formult e it

until we reach the coarsest mesh with o lsser than 500 vertices.
In each Veeyele, e use the Gauss-Seidel relaxation with 2 pre- and

'V domain. To
detemine i collapse and the lattening is valid, we reler

o the Appendix  in [Liu et al. 2020] for more details. During the
queryig s, for  given query point rprested s aryeenric
coardinates, we simply go through the lst of local joint UV param-
eterization we stored from the decimation stage and update the
barycentric

pestrelmation fraons. O experimets sgacs o optmel
clock

on the geometry and the PDE of interest, But we use our default

parameters for all our experiments in Sec. 6 for consistency.

E FAST DATA SMOOTHING

When we discretize the data smoothing energy . (6), we often

Tig e the face indices involved in each edge collapse
S0t focach query poit we can sl check whethes this po

i involved in the collapse via checking the face indices.

D ABLATION STUDY

(@Q + (1 - @M)x = (1 - MF 16
where Q is  matrix that depends on the choice of the smoothness
energy, M is the mass matri, T s the noisy function, and a is
the

In addition ~ a

In order to build

ardlein in
terms of stopping criteria, the accuracy ¢ depends on the problem
‘and the size of the mesh. We usually set 10°3 < ¢ < 10° in order
to gt vislly gt st compard 0 the ground

would be doing PTAP
directly,but we can actually split the computation via
PTAP = a(PTQP) + (1 - 2)PTMP) )
QP and PTAP cven

truth, Using i
in the previous iteration in e ot o fonee e
duce the number of terations Lo gt the desized accuracy. For other
hyperpasameters, we conduet ablation studies on the choice of re-
Iaxation methods, e /post-selaxation iterations pe. Ao, nd the

the parameter . As a results, dusing the online stage wh
adjusts , e only requie an effcient matrix addition to compute
the system matrices for all the multigrid Levels,

ACH T, Grsgh. Vol 1, No. 4, At 0. Publctondoe: Augast 421

e a prlongition aperaor based on 3 wchied erace mone
‘one-ring neighboring vertices. Aksoylu et al. [2005] propose several
methods for hicrarchy canstruction based on removing the maxi
mum independent set of vertices. Similarly, they also compute the
prslongation b aversging among the an ing cighbors Thse

Surace Muligrid v ninsc Probngston + 83

lecel 0

[A=PAR

(R = Pl Pl

st grd again. On each

comen sk Out pproachbekong o he Glriy g e we
defin the system matri a a conrser evelas Ay = PTA1P. Smode by
RN

cd additional having subdivi
sion connectivty or texture information) or use ane-ring average
(combinatorial information) to define the prolongation. Bt one-

needed o understand our method. Note tha we use *grid” or “mesh”

q
verge vt trpolt the el o vt ot
to 7 in

todenote the underyin gometry,

‘Multigrid methods solve a linear b

ner by employing two Lmnplummm) poceses elasaton and
i el

Fig. 4 we show that toa
compared to the multigrid based on averaging one-ring vertices.

Our method computes the prolongation based on inrinsic geome-

tryin asimilar spirit to [Sharp et L. 2019). This ensbles us to define
b

g the success of using barycentric coordinates in the Encldsn

case. Furthermore, our approach allows one 1o phug-and-play dif
et decimatontnleies b comstructmaligrid e
Fig. 19).T topicka

o and o o oo SEohe system, Coarse-grid correc-

(aka. interpolation). This process of e from the fine grid o th
coarse grid and then back o the ine geid i called the V-oyle (sce

A,

Purcly algebraic dircet salvers (e, sparse Cholesky) are the
de facto standard in geometry processing due to their reliabilty,
scalability (as memory allows), and precision. Factorizations can
be reused for changing right-hand sides (see Fig. 2), but trouble
arises for the myriad applications where the systen mateix also
changes. Special clases of sparse changes can be efficiently exe
cuted: low-rank updates [Chen et al. 2008; Cheshun et al. 2020]
or partial re-factorizations [Hesholz and Alexa 2018; Hesholz and

Fig.5). nsfer in-
formation back and forth between grd leves are keys to determine
the efficiency of a multigrid method.

‘Our method belongs to geometric muligrid based on the Galerkin

methods that builds the hierarchy purely based on the geometry
requiring no knowledge about the linear systern. Galerkin coarse:
grid approximation builds the system matrix Ac on the coarsencd
mesh from the system mateix A on the original mesh as

= RAP, [t

I refactorization, such ol

where Lo transfer signals o the fne
ap

objec d Hessian cthod
Due tothe ovrwbelming poplacty of Chels ftcasion we
focus onit for many of our head-to-head comparisons

3 MULTIGRID OVERVIEW
Multgrid s a type of terative solver that is scalable to salve large
Iinear systems Ax = b. In this paper, we propose a novel geomet-
ric multigrid method for solving linear systems defined on curved
surfices, represented as irvegular riangle meshes. We refer readers
to excellent resources on muligrid (Brandt and Livie 201 Trot-
tenbery et al. 2000, here we give only the

mesh i
transfer signals from coarse to fine. When A is symmetric, many.
‘methods often define R = PT_ Thus, defining the prolongation
operator P is cxtremely critcal for Galerkin multigrid because it
determines both the quality ofthe coarsened inear system P AP and

.
P). In Alg. 2, we provide pseudo code of the Galerkin muligrid V-
eyele where P plays a crucial zole in the entire algorithm. An ideal
prolongation must accurately interpolate smooth functions (low
distortion) o ensure fust convergence. The prolongation aso nceds
1o be sparse to enbance the solver cffciency at courser levels.
Defining a prolongation that satisfes these properties s well-

ACM Tutn. Griph, Vo 0 N . Anice 80, Publistion dts st 221,

Kt Ty Dk i, i Eis Zhans, Wil Be-Chen,and c cobson

Our method shapes,
C BY-NC 54 and Landru (et 7) under CC BY.

s mesbes with boundaries. Cmodels by Ofiver Laric (1f 1,5, ) under

e famesk o [y t o 2020} shic e pecived s
Conbinaton oLe el [19%]aad Coha 1 1 1005, Toe
illenees of oue o compred 0 (L a1 210 s nove
Join flatening method see Sec. 42) o furthr reduce the distotion

‘and a gencralization o meshes with boundaries sce Sec. 43) For
e sake ofzeproducibilty, we eiterate the main deas of suceessive
sl parameerization heze

41 Successive Self Parameterization
Let M be the input fine mesh with/without boundary, and M’ is
successively sries of meshes AM! with <1 < L

Fig 7. Given a high
(right). we compute a bijective map between the two so that fo any given

and vice versa
colving the coarsetriangulation on 0p of the high-resoltion moe,

suaces remain a challenging problem until now. In this paper, we
o c

rator o cured sufces based on he iirinsic geomery. Our
e i, temin Frthr reduces the diorson consed by the
permeeisaton and ous xtenion 1 meshes with boundaris

Tor each pair of meshes ML MI*1
wewse £, « M —» A1 1o denote the bifctive map between
them The mainde s 10 computecach ),[‘ on-the-ly during the

until the coarsest mesh ML

levels to obtain the final map £ ,\1"  Mbas
D= fhaoe @
s e et down o computtonfhe il
maps f, before and afler a single cdge collaps
Tor cach e colapi, e wangulation mowly i e same

trics. ying our o the Galerkin multigrid

hus,compting

i o s better convergence over alterna-
tive g methods fo curved urfces

4 INTRINSIC PROLONGATION

“The central ingredicnt of Galerkin multigrid is the prolongation

operator to interpolate signals from u coarsened mesh Lo its fne

version. We compute the prolangation by maintaining an intrinsic

P as oppose 3
.

201). Specifically
the comrsened e fo cbiaina biecive map befween the fwo (s
i, 7). Given a point on the high-resolution mesh, we can obtain its

he I b,

o ,
and vice versa. We can then assemble a lincar prolongation operator
based on the barycentric information.

the mapping lge 1-ing
neighbarhood. Let A/ be the neighboring vertices of a vertex &
(including vertex kitsel) at level Fand let A7(0. ) = () U N ()
denote the neighboring vertces of an edge .. The key observation
is that the boundary vertices of A1 ) before the collapse are the

afer ollapsing cdge .. H
compute a shared UV-parameterization for the patches cnclosed
by NG, ) and N1 1(K) with the same boundary curve. Then, for
any v poin g1 € M epresented i barycenteic coodnatcs),
e ol th hared UV paramelsraion to map 1 o it
comapmding by condates 11 A

shown in g

" and vice-versa,

42 Joint Flattening

“The key idea i to successively build a bijective map for cach deci-
‘mation step and assemble the full map via compositing all e maps,
Our method for computing the successive paramelerization i based

ACH Trun Gragh. Vol 40 No. 1, At 80.Pblction st Avgost 2021

The by Liu et al. (2020]
comstncy by it Tattnin he el 11ing NGy and seting
the boundazy vertices as b when fattening the ver-
o g N1-18) ater he collape »\\rhough this method can

o

Fig. . Since both the edge 1ring befre the collpse (et and th vertex
-ring afer the collapse (ight) are mapped 1o the same 2D domain with s
contect boundry v (404 e syt the s UV s
tomap apoint back and forth betseeen M! and M1

ensure boundary consistency, it
aleays favors miimizing the dis-
tostion of N1(1j) and cxeates
lager disortion when ttring
N,

We nstead compute the shared
UV-parameterization by jontly
minimizing a distoction cnergy
defined on he edge 1rig NG )
before the collse and the verlex
ring A1) after the collapse

tency. In Fig. 9, we demonstrate
that our joint flatening resalls in
a parameterization with less dis

soted max.conformal eroe

Fig 5. For eachedge I-ring on this
unny mesh, we collpee the edge
and flatten the patch using the
method of [Liu et al 220] and
our joint lattening method. We v

and demanstrate that our ethod
{blue)leads o less distortion.

totioncompared o the metbod by Lt . [220]
For the notational convenience, we use V1, F to denote the ver-
s and s of the ool patch within A1, before the collapse,

upm,mm.., problem as
'

minimize E(Y
i
subject to uf = "

ote the vertices and faces of the local patch
iy ahe e collapse. We then wite the joint energy

LU+ B, ®

wherewe s U € 2172 o reppesent the UV lctionsof V'
levl and cach ul € B2 denotes a UV-vertex position. We also use

ujug
respectively.

1o represent the boundary vertces of A, ) and N1*1(k),

0 onder to handle the consraints, we introducea oint variable
U = U1 U UM (e Fig, 10) to incorporate the cquaitics nto the
degrees of frecdom and arn . (3) into an anconstrained probler

min BV EL 0+ EGLEY 0 ©)

Fig 11 When on
case), we have to
location to cnsur

weusep lorepre

shared pazamel

at the locations

Introducing the joint-

energy for the patch before and aferthe callapse simultaneously.

43 Boundary Edges

“The creation of the joint vasiable in Fig. 10 s only applicable when
the collapsed edge lis fully in the interior of the triangle mesh.

For boundary c

ges,different treatment i equired to ensure the

wppe
In the ca
determine the |

@) vertex k lies
by . Even tho

ACM T

Noise, o dimensions 10 01 o).

P . Rendrin 3 ounces

Sy Henal ACH SEGRAP




Surface Multigrid via Intrinsic Prolongation
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Leads to arders of magnitude speed-up. We show our method is
hing |
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A MULTI-COLOR GAUSS SEIDEL

Our malgsid method spendsa o ofthe runtime o th Gauss

Leads to

B = JPure) AualPuxe) + Puxe) A (11)

Sunsce Muliged via Isinsic Prolongation + 8013

el terations

RMS  relations coarsening ratio

Enclidean case, This is because the vertices ofa high-resolution sur
face mesh do nol L on s corsened counterpast, ths u.L suaight
icable. In
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cally [Brandt and Livne 2011]. In graphics, multigrid has been an
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node i IFvalid, node i i colored

7, 51t
.1 A Bl sd M. . el 1967 An pper bound fothe hiomti nberof

and that color is moved to the back of the list. I no valid color is

We can notice that, except at the second finest level where we
need 1o extract the rows in prolongation that corzespond to the

Vm\dd\cy s o o ol 1 e O Lo i €

e a prlongition aperaor based on 3 wchied erace mone
‘one-ring neighboring vertices. Aksoylu et al. [2005] propose several

st grd again. On each

the rmeworof (et ol 420, whichcanbe pereted s
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Eredicnt is a prolongation eperator to

amfer nctons scross difecent

pre-compute pro-campute

[MeAdams et al.2011]. Chuang et al. [2009) deploy multgrid on

abackground voxel grid to solve Poisson problems defined on the

rssin
T St ot o G te‘m S e

ik 216 (N, 2017, 15 paes. e
ior 0113530 10557

B DIRICHLET BOUNDARY CONDITIONS

€ SUCCESSIVE SELF-PARAMETERIZATION

20191) use lower-order prolongation with many more relaxation
Stration to compensate fo the nter-rid transfereror In fen of
1

Fig. 4 we show that toa
compared to the multigrid based on averaging one-ring vertices.

successively series of meshes M! with 0 <1< L

Fig 7. Given a high
(right). we compute a bijective map between the two so that fo any given

until the coarsest mesh ML Tor cach pair of meshes M! M1

before the collse and the verlex
ring A1) after the collapse

method of [Liu et al 220] and

o o wi iga araph coloring reondeing Our less aggressiv f
nligrid levels: W propose  novel method forcomputing the prolongation  Fig.2. Many geometry processing algorithins that involve solving linear surface mesh. To reduce the complexity of using structured repre- Meshes Comput. Griph Fra .8 (201), 2397-2356. it dotorg 10,11 = = Solving a linear system Ax = b s equivalent to minimizing a qua- 2 e Our method computes the prolongation based on ntrinsic geome-  solution and mr,mK,‘h.mn,,m.”,mm Conrse-grid correc. wese £l M A 1o denote the biective smap betwees whill ensuring boundary consis-  sualize the sorted quasicanformal
for wangulied 5 s s )bl senttions, adaptve mltgrid methodsac developed for subsuface oo ulon N Vil Wi S, and Pl e, 00, N e ' o g G gy ¢ triangle mesh o mapping dtranste, bt ¢ ofte ey sl spii to [Sharp et al 2015]. Tis enables s o deine requency erto to coarsr mes iviceverm mmm’:;’mmmMmmm‘_m VI — tency.In Fig. 9, we demonstrate  $storton ameng al the I-ings

s the - hand-sie . ) bl th ight and-sde b 1) . 14, ' KR — v g SRR x e e S o T s sertices o e fne meh 0 the conrse mesh oo . inabigger muligrid irichy an e e O B : : ho through restiction,slving s coarse-grd system of equations, hen coloing th coarse rangulalon o 0p f the ighrshtion model. * iy y duceg ik ol Dt el 20 St et
achieves better convergence than existing multigrid methods. Compared  the system Ax = b. Direct olvers e 2, Chalesky) perform pre-computation o " number of terations <O Judih B I LT ic coordinates. We report the runtime of both pre-computation  the other hand, using a more aggressive coarsening often leads to ing the success of using barycentric coordinates in the Eudu‘mn ¢ th back o the i h Tomgat A aarerization sith leas iy, (010 leads o lss distortion.

o St lding A, makin i suabe o aplcations whereonly bischanging and other graphics applications [Kazhdan and Hoppe 2019]. T B = 3T % ® transerring the corrction back o the finer mesh vi prolongation AT S v i »

ot e cr i el ol gt s el el sA‘ ,L e bl forappicationswhere aly bischangig 4, Campared tothe prokongaiion basedon the vertes ring average ot o, il 2 ot 1553 s steps in Fg . losge nter-grid e e and low convergence. Qur dfuult case. Furthermore, ous approach allows one o plug-and-play it (3, nterolaion). This process of i et gl - . R . P IL s M0 M totion compased 0 the mcthd by Lt . (200,
method on many g ey o Geometric il y Unstructured Euclidean Domains. Directly dplying mligrd to [Aksoyl et k. 008] (rangen our proongation () et to » uter e o st b e o ~mmwu e abs s M“M\"V .““‘“}I‘Z“ xl;nymu ak Epey,Rasmus Tunctort Joseh where one can derive the same lincar system by selting 9572, y requires a P y erent ecimation ttages  consic muligeid mumlmm s g and hen bk o the ne i i calledthe V-l (e surfaces remain a challenging problem until nov. In this paper, we - @ For the notational convenience, we use V', F! to denote the ver-
ol e o ; o e sy Ths oen e s sl b are o st unsructured grids” in i ey One oy to handle Dichlet boundary conditions x{inour) = < smal change to an cxisting edge collpse algorihn. Specically.  until we reach the coursest mesh with o lesser than 500 verices. P, 19).T topicka P et : o e - e e i ) i e v,
solver, we upgrade cxstin algorilms o inoroctive frame rte. and shit o precom v and 3D tetahedral meshes)has alo been an impartant problem o S o o e nnng is to seformulate the quadratic cnergy using only the unknown sght alte collpsing asingle cdge,the only modification s o use  In ach Vcycle we use the Gauss-Sedel relation with 2 pre-and A, formation back and forth between grd levels are keys to devenmine crto bl curved s sl o tviic gamcey. Ot T, the guetion bl down 0 e computation o the

directsolvers e, Cholesky factorization) are commanplace. Unfor-
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Fig. 2. Given asystem matix with the sparsty patter shawing on the
left, we first use  greecy graph colring approach detailed in Alg. 1 to
“paint”the ariables that are ndependent of each other with the same color
(middie) Then we perfor eorderin, 0 roup the sariables withthe same
colo ogether (ght) to parallelive our Gauss-Sedel elaxation

variables. Here we use known and unknown to represeat indices of
knowns and unknowns. We fusther use xj, = x(known) to denote
Known variables and x, = x(unknown) for unknown variables in
x Iormm'mrsmrfu\lm\ the same notation. For example

(unknown, known) to represent the corresponding sub-
Dk e . o e et e energy as assuming A s

the methd dscribedn Se. .2 and 5. 43 0 formult e it

pestrelmation fraons. O experimets sgacs o optmel
K

'V domain. To
detemine i collapse and the lattening is valid, we reler

o the Appendix  in [Liu et al. 2020] for more details. During the
queryig s, for  given query point rprested s aryeenric
coardinates, we simply go through the lst of local joint UV param-

cloc
on the geometry and the PDE of interest, But we use our default
parameters for all our experiments in Sec. 6 for consistency.

E FAST DATA SMOOTHING

Purcly algebraic dircet salvers (e, sparse Cholesky) are the
de facto standard in geometry processing due to their reliabilty,
scalability (as memory allows), and precision. Factorizations can
be reused for changing right-hand sides (see Fig. 2), but trouble
arises for the myriad applications where the systen mateix also
changes. Special clases of sparse changes can be efficiently exe

the efficiency of a multigrid method.
‘Our method belongs to geometric muligrid based on the Galerkin

methods that builds the hierarchy purely based on the geometry
requiring no knowledge about the linear systern. Galerkin coarse:

novel joint Hattening further reduces the distortion caused by the
parameterization and our extension to meshes with boundsrics

maps f!,, before and ater a single edge collap

For cach edge collape, the triangul:

o oy e the same

trics. ying our o the Galerkin multigrid

hus,compting

i o s better convergence over alterna-
tive g methods fo curved urfces

the mapping lge 1-ing
neighbarhood. Let A/ be the neighboring vertices of a vertex &

upm,mm.., problem as
'

minimize E(Y
i
subject to uf = "

ote the vertices and faces of the local patch
iy ahe e collapse. We then wite the joint energy

LU+ B, ®

o D L o s Zhng, Ml B e, and Al Jacobson, Pations where the ineas sysemn hanges b every itraton (. which iy requiresthe closet point query. . o s o e : eid pproxication builds the eyitem mateix Ae 0 the coarsened incudiog vertex  tsel)a eve L et AT(1.7) = A1) U NG e
0 Sutce Mk i i Flntin, ACN I, Crgh 40,4, smdation) it sovers i n expensive ¢ fuctrizaion, by triangulating o Pt o ' 4 P Vm, A e e om O symmeric) teraaton we sored fram the decimation tage and update the  When we discetie the data smoothing energy T, (9, we often cuted: low-rank updates [Chen et al. 2008; Cheshmi et al. 2020]  mesh from the system matrix A on the original mesh as 4 INTRINSIC PROLONGATION denote the neighboring vertices of an edge i.J. The key observation where we use Ul € 211 to represent the UV locations of Vit 10
13 o 1145/3450626,34 For problems 2073 regular gids), the 2D design pattesn and then recursively subdividing it o gel Algebraic Mulgrid. A populas slterative to deal with unstruc e S . i g Ao, 1% et o Algorithm 3 Craph Coloring N . by s e i the method describ or partial re-factorizations [Herholz and Alexa 2018; Herholz and v, o « is that the boundary vertices of /(i j) before the collapse are the ol ,mdmm < B2 denotes a UV-vertex position. We also use

an excellent alternative is geometric multigrid methods. Geomeric e sesolutions. Wasg etk [2018) generae e uuuubndluum tured meshes is to use algebraic multigrid [Brandt ct al. 1985] L A . 156 ool x s . ks oy snd B Léy. i et Sy Conorml Vo ) = 530 A g Aukxk ~ x[bu + constant. (8 e the face indices involved in each edge collapse (@@ + (1~ OMyx = (1 ~MF 16 her The central ingredient of Galeckin multigrid is U prolongalion e g the boundary vertices of *1(k) after the collapse, where 7 Lo, shared paamel
1 INTRODUCTION g el e e ge icin Ha, e, Denis Zarin, 020, Fast 2003, Canm 1 sort nodes {n;} by degree s0 .hmaruch query point, we can easily check whether this poir I refactorizati h @ the er er g o " aps bt to rcvmsmnhcbwmhw vertices of (i, j) and N1(k), et
i soersplort re <ompution sy baed o e chy o e s-coato by st vries o o T e e ; Cdi i o trnstr sigals Fom e ne apaatr 1o icapoate dgoal o s cousened et s e ol oprestivethe
ie y which builds the hierarchy by treating the linear system matrix bt n e wid h\Y/wy\qu 9.1 Coco), 1. Canada, Cciobar 810 203 TEEE Computes Society, 301-270 letie By setting the derivative to sero, we can derive a reduced | e e ig P P i Kis the newly inserted vertex after collapsing edge i.j. H P
L g £2). gulating the 21) domain When as a weighted graph and coarsening it This approach makes no e, Bt To 7. Al I = pallette « y setting the desivative to zero, we can derive a reduced lincar is involved in the collapse via checking the face indices. 3 object d Hessian cthod  mesh t d P version. We compute the prolongation by maintaining an intrinsic e a shared UV-1 N or the pateh loced respectively. Tn the case
o postive Gemi et b defet on suoctmeshes, | Thiscrables mlgrd methods 1o s the st ecenty 1 v womiapions ot e Seuctur of e geomey Th, i s dierly e “;:.,:;:;w,;:‘;: G Gogh B SN T e ot et A » forcah oden; d e for oly wiowms her 5 mat that dependsonthe chic of the smocthness Do i ey o e T S o i S A, iy ; e sopose ’ ;:m;:";f;;;’;”‘.(;"“:11’:1:’:1;’4; o oo I orr o andie he conssints, e i AT oy e
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from 3-manifold geometry [Kneser 1929; Haken 1961) and computa-
tional topology [Schaefer et al. 2002; Agol et al. 2006; Erickson and
Nayyeri 2013). We enrich this construction with a combinatorial
analogue of signposts, which we call roundabouts (Section 5).

The other question is how to interpolate data across triangula-
tions, such as vertex or texture coordinates. The natural choice for
discrete conformal maps is to use piecewise projective interpola-
tion [Bobenko et al. 2015], which can be implemented via standard
homogeneous coordinates [Springborn et al. 2008, Section 3.4]. We
extend this idea to variable triangulations by laying out triangles in
the light cone rather than the Euclidean plane (see Section 6.0.1).

Importantly, our approach to discrete conformal mapping de-
pends critically on the hyperbolic picture. Without this picture, one
could not use the implicit connectivity encoding (which depends on
hyperbolic straightening), and would be forced to explicitly main-
tain the full connectivity of the common refinement, as done by
Sun et al. [2015]. Likewise, our high-quality interpolation scheme

(shown in Figure 3) relies on calculations in the light cone model of
the hyperbolic plane.

2.3 Other Methods

Conformal Mapping. Other methods for conformal parameteriza-
tion do not provide a general solution. For instance, early methods
based on linear finite elements [Lévy et al. 2002; Desbrun et al. 2002;
Mullen et al. 2008] do not guarantee injectivity, nor do they handle
cone singularities. More recent linear methods support cones [Ben-
Chen et al. 2008; Vintescu et al. 2017; Sawhney and Crane 2017], but
injectivity is still missing. Orbifold methods (e.g., [Aigerman and
Lipman 2016]) provide injectivity, but support only a restricted set of
cone configurations where cone angles cannot be prescribed. Angle-
based methods [Sheffer et al. 2005] rely on nonconvex optimization,
with no general convergence guarantees. Finally, Bobenko et al.
[2015] and later Zhang et al. [2014] provide connections between
discrete conformal equivalence and circle patterns.

Injective Mapping. Discrete uniformization has a special relation-
ship to methods for locally injective mapping, since CETM is often
used for initialization [Chien et al. 2016; Campen and Zorin 2017b;
Campen et al. 2019); we provide even stronger guarantees. Unlike
[Mandad and Campen 2019; Shen et al. 2019] we do not claim to
guarantee injectivity in floating point—yet still achieve injectivity in
extremely challenging scenarios (Section 8.3.2). Overall we observe
that the freedom to modify the triangulation during optimization
leads to significantly improved robustness—see Section 8.3.

3 PRELIMINARIES

This section provides essential definitions needed to motivate and
derive our algorithms; some readers may wish to skip ahead to Sec-
tion 4, and return here for reference. The most important concept is
illustrated in Figure 14: any triangle mesh can be interpreted as both
a Euclidean polyhedron (Section 3.2) and a decorated ideal polyhedron
(Section 3.3), leading to a definition of conformal equivalence across
different triangulations (Section 3.5). For further background, see
Bobenko et al. [2015) and Springborn [2019].

Discrete Conformal Equivalence of Polyhedral Surfaces « 103:5

Fig. 11. An edge or triangle
in a A-complex might not be
uniquely determined by its
vertices. Here, performing in-
trinsic edge flips on an octahe-
dron yields two distinct edges
between the same pair of ver-
tices i and j, and two triangles
with the same vertices i, j, and
k. The sphere depicts the ab-
stract connectivity.

3.1 Combinatorial Polyhedra

Throughout we use T = (V, E, F) to denote the connectivity of a
manifold triangulation with vertices V, edges E, and faces F; we
assume T is orientable purely to simplify exposition. Even when
the input is an ordinary (simplicial) triangulation, we may need
to construct triangulations where, e.g., multiple edges connect the
same two vertices, or two triangles share the same three vertices
(Figure 11). Formally, we use triangulation to mean a A-complex
in the sense of Hatcher [2002, Section 2.1], which we encode via
a halfedge data structure [Botsch et al. 2010, Section 2.3]. Though
edges and faces are not uniquely determined by their vertices, for
brevity we will still denote them by vertex pairs ij € E and triples
ijk € F, resp., where i, j, and k need not be distinct. The notation
indicates a quantity ¢ at corner i of a triangle ijk.

3.1.1 Combinatorial Edge Flip. For two tri-
angles sharing a common edge, an edge
flip replaces this edge with the opposite
diagonal—we will need this operation in
order to construct intrinsic Delaunay trian-
gulations (Section 3.4). If we locally index
the vertices of these two triangles as de- 1
picted in the inset figure, then the edge flip k

replaces the original triangles ijk and jil

with jkl and lki. Any other data stored on

the triangulation must also be updated, as depicted in Figure 12 and
discussed in Sections 3.2.1,3.3.4, 5.1.1 and 5.2.1.

3.2 Euclidean Polyhedra

A Euclidean polyhedron is a surface that
looks like the flat Euclidean plane every-
where except at a finite collection of cone
points. The canonical example is an ordinary
triangle mesh in &3, where the neighbor-
hood around each vertex is isometric to a
piece of a circular cone (see inset). For uni-
formization, however, we do not need to
keep track of how the surface is embedded
in space. Instead, we can store a purely in-
trinsic description of the geometry, given by
the edge lengths £ : E — R of a triangula-
tion T = (V, E, F). If these lengths satisfy the /
triangle inequalities in each triangle ijk € F,
then we call £ a discrete metric. Other quantities such as corner

ACM Trans. Graph,, Vol 40, No. 4, Article 103. Publication date: August 2021.

apply a scaling g; = e g; to each vertex, we get another chordal
triangle; central projection between points x and x then gives the
circumcircle-preserving projective map used for interpolation in
Springborn et al. [2008] (Figure 19, center). The real power of this
construction is that it enables us to map between different trian-
gulations of the same vertices. Consider for instance two chordal
triangles ijk, jil—if we apply a flip and then scale the vertices g as
before, we get two chordal triangles Iki, klJ sitting “above” the other
ones (Figure 19, right). The map between these triangle pairs is still
given by central projection, and can be expressed as a piecewise pro-
jective map on the four triangles of their common subdivision. This
idea is extended in the supplement to general pairs of triangulations.

6.1 Tracing Edges

For the moment, consider just two triangulations Ty, T2. We use the
normal coordinates n : E2 — Z 30 to trace out the sequence of edges
in T crossed by each edge of T, (Section 6.1.1). The roundabouts
r : Hz — Z.p uniquely identify each traced sequence with the
appropriate element of E;. To get the curve geometry, we lay out
a triangle strip in the Euclidean or hyperbolic plane, and draw a
straight line between endpoints (Section 6.2). The final curve is en-
coded by 1D barycentric coordinates s, t € [0, 1] on each intersected
edge. We enumerate points where edges of T, cross a halfedge 1)
of T, by a crossing index p € {1,...,nj;} (see Figure 20, left).

6.1.1 Topological Tracing. To trace out all the edges of Ty over Ty,
we iterate over the halfedges ifj € Hz and trace edges emanating
from the opposite corner k (Figure 20, right), namely, the edges with
indices p = 1+ ng;, ..., 1+ ng; + ¢jj. This procedure is detailed
in Algorithm 1. We identify the edge of T corresponding to each
traced curve p by incrementing the roundabout rgj by p —ng; = 1.
(By marking traced edges in Ty, we avoid tracing edges twice.) Note
that roundabouts must be used even for curves shared by both
triangulations, since after a sequence of edge flips they may no
longer correspond to the same logical edge.

The procedure NEXTEDGE (Algorithm 2) uses the normal coordi-
nates n to determine the next halfedge 1) and crossing index p along
the curve. The image below depicts the four possible cases—this
pattern of edge crossings can be determined solely using the normal
coordinates for the triangle jil, via the formulas given in Section 5.1.
See Appendix A.2 for further details.

Note that the tracing procedure gives us each edge fromT) as a
sequence of edge crossings on T;. To express the edges from T; as
sequences of Ty edge crossings, we allocate an array of size n;; for
each edge ij € Ez. Each time a traced edge ab € T crosses ij, we
store a reference to ab in entry p of the array (using roundabouts to
get the edge index).
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6.2 Recovering Geodesics

To get the geometry of each traced edge ab €
Ez, we use the crossing sequences computed in
Section 6.1 and the edge lengths £ to incremen-
tally lay out a triangle strip in the (Euclidean
or hyperbolic) plane. We then intersect each
interior edge ij of this strip with the line from
a to b—by construction, this line will be con-
tained entirely inside the strip. In particular, if
x; € R? are the vertices of a Euclidean triangle
strip, we can solve the equation

(1=s)xg +sxp = (1—1t)x; + Ix;j

for the barycentric coordinates s, t € [0, 1] of the intersection point.
The hyperbolic case is conceptually the same except that we work
in the hyperboloid model, and and also compute a scale factor u at
each intersection point—see Appendix A.3 for details.

N\ .

edge _

We now construct the common refine- poi 't\ face |

A TB : e
ment S of T4, T8, and TC. Here and in

Appendix B we will refer to points along

6.3 Common Refinement

-

face |
edges of T? (resulting from tracing) as  Zage "iﬁgt"g‘? N{
edge points, and any new vertices inserted — edge of TA [ 4
into polygons as face points, reserving ~ edge of T# | vertex
vertex for elements of V. Likewise, an — edge of T

edge is the complete edge of some trian-
gulation, a segment is the restriction of an edge to a triangle, and a
fragment is a piece of a segment (see inset).

6.3.1 Connectivity. First, for each edge ij € EB,
we use the procedures from Sections 6.1 and
6.2 to trace out (i) a Euclidean geodesic over
T4 to obtain edge sequences and barycentric
coordinates (s, t), and (ii) a hyperbolic geodesic
over T€ to obtain edge sequences, barycentric
coordinates, and scale factors u. To determine
the connectivity of S we slice up each triangle
ijk € FB independently, via a strategy similar
to Sharp et al. [2019b, Section 3.4]. To avoid computing segment-
segment intersections directly (which is not numerically robust),
we devise a strategy that takes advantage of combinatorial informa-
tion. Floating-point values serve only to determine the ordering of
intersection points along edges—and since neighboring triangles
have identical barycentric coordinates along their shared edge, we
always obtain a consistent tessellation. See Appendix B for details.

6.4 Interpolation

The vertex coordinates f; and texture co-
ordinates zf ¥ define piecewise functions
over the faces of T and TC, resp.; we now
sample these functions onto S. To do so,
we will also need the scale factors u ob-
tained while tracing hyperbolic geodesics.
We again process each triangle ijk € T8
independently. First, we interpolate data
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lllustrations « code-based »

Tikz overlay

\newcommand{\tikzframe}[3][]{%
\tikz[baseline, anchor = base]{%

\node[ rounded corners, #l] (#2) {#3} ;%

}

\begin{align*}
S(a,b) &= \sum {

\tikzframe[draw]{initial bound}{$\scriptstyle i=a$} S(a,’ b)

}{b} i \\
&= \sum {
\tikzframe[fill = blue!40]{full bound}{$\scriptstyle i=0%}
}7{b} 1

- \sum {

\tikzframe[fill = blue!40]{base bound}{$\scriptstyle i=0%}
e

\tikzframe[fill = red!40]{excess bound}{$\scriptstyle a-1$}
} i

\end{align*}

\begin{ } [overlay]
\draw[thick, -latex, rounded corners]
(initial bound) -| (excess bound) ;
\draw|[thick, -latex, rounded corners]
(full bound) -- (base bound) ;
\draw|[thick, -latex, dashed, rounded corners]
(base bound) -- ++ (lcm, 0) |- (excess bound) ;
\end{ }

bR ————



lllustrations « code-based »

Tikz overlay

Le probléeme est formulé sous forme d'une minimisation de fonction.
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lllustrations « code-based »

Tikz overlay

Sketch : construction by validation

Algorithm
o0 < a few initial sites >[from the restriction domainj
& < Delaunay of Qe
while & contains an invalid simplex /A do
1 < circumcenter of A
® < site nearest to

if ® € go then

' v

mark A as valid '

e\;se _ D
=T N/

\ WV,

|




lllustrations « code-based »
Tikz : barycentres, spy

\begin{

\begin{ }[spy using outlines = {circle, thick, magnification = 8, connect spies}]
\node[draw, fill = white, rounded corners, drop shadow] (image) {

\includegraphics[width = 0.3\linewidth]{vangogh}

} i

% debug grid,lcomment me out
\draw[draw = orange, thick]
(image) ++(-1.5, -1.5) grid ++(3, 3)

.
’

\spy[size = 2cm]
on ($(image) + (1.2, 0.5)%)
in node[anchor = north] at ($ (image.north) + (5cm, 0)$%)

.
’

\spy[size = 2cm]
on ($(image)!'0.2!(image.south east)$)
in node[anchor = south] at ($ (image.south) + (3.5cm, 0)$%)

\eﬁd{ } ] « e .
Figure 1: This is zooming

\caption{This is zooming}
\end{ }




Geogebra et export html

&

‘in‘

ScQ
S D> A @ L N e f
%] o


https://perso.liris.cnrs.fr/vincent.nivoliers/documents/vorace_ggb.html

Modelisation 3d

e Basé code (hardcodé, polyscope)

e Blender
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Contenu 3d

* Basée code (polyscope
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* Blender (stagging) [demo]

tuto: https://www.silviasellan.com/blender figure.html

» Offline / scripting


https://www.silviasellan.com/blender_figure.html

Scripting

* Blender + Python

https://www.silviasellan.com/blender figure.html

blender --background scene.blend —python template.py

* polyscope

* pyrender

https://qgithub.com/gnzhou/PyRenderer

H'* [Rus04]

H"¢ [CSMO03]

n=Trivial n=I[I

u=Trivial, p=10

n=Trivial, p =3k n=I p = 3h

Es = 2.5569 E~ =0.1636 E~ = 3.0693 Es = 0.5449 Eo = 0.0432 Ex =0.3279 Ex =0.1171
E, =0.7812 E, =0.0558 E, =0.9406 E, =0.0651 E, = 0.0075 E, =0.0932 E, =0.0349
G"* [Rus04] G~ G" [CSMO03]
n=Trivial n=I[I u=Trivial, p=10 u=Il,p=0 u=Il, p=3h |n=Trvial,p=3h n=Il,p=3h

' Sy, 7 430 S g £
e e e e
o)~ v t}}fﬂf{‘)’ Kaal®

£ ‘-";.' ::‘E‘::" o \ ,,i‘-";. ‘;"I';' ..._""’1,'\
v.l,.\. kg/’-,.-\_

Trged o | Tuged

§,\‘s'\ 0. ’ ,’;,':}(2 “.\“.'-,‘. * "'; 7 . ifi

\“:\32:(/' ‘:‘,:,;{;;‘3?:{-_;,’5' -

» OF 0 oF o

Esx =6.5320 E~ =0.0913 Eoo =9.3657 Eox =0.1448 Eoo=0.0154 | E =2.8331 E~ =2.8331
E, =1.0321 E>, =0.0165 E, =1.6487 E, =0.0164 E, = 0.0026 E, =0.8384 E, =0.8384

sudo docker run -it --rm -v pwd :/data/ gnzhou/pyrender bash -c « . /usr/local/mitsuba/setpath.sh;

render.py -q -o /data -w /data/octa.obj"



https://github.com/qnzhou/PyRenderer
https://www.silviasellan.com/blender_figure.html

BlenderToolbox

https://qgithub.com/HTDerekLiu/BlenderToolbox
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Latex tweaks

T. Lejemble & D. Cocurjolly & L. Barthe & N. Mellado / Stable and efficient differential estimators on oriented point clouds

1:12 « Paulin, et al
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Fig 13. Rendering results in dimension 6. We render the Cornell scene with one bounce of indirect lighthing using various samplers and for several
sample counts. To highlight the efficiency of Monte Carlo integrations, we display the error maps (per-pixel absolute difference with reference image in Fig. 11)
using pseudacolors (from blue to red, with a linear map from 0 to 0.002/spp). While SOT sampling does not help much for rendering, its projective variant is
better and/or more consistent than other typical approaches, particularly so for low counts of samples per pixel.

VoM

ACM Trans. Graph., Vol 39, No. 4, Article 1. Publication date: July 2020,
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e https://replicability.graphics

» https://storm-irit.github.io/pcednet-supp/

* https://perso.liris.cnrs.fr/lpaulin/Publications/paulin2020 demo/

e https://github.com/nivoliev/html-compare

» https://nivoliev.github.io/html-compare/



https://replicability.graphics
https://storm-irit.github.io/pcednet-supp/
https://perso.liris.cnrs.fr/lpaulin/Publications/paulin2020_demo/
https://github.com/nivoliev/html-compare
https://nivoliev.github.io/html-compare/
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e Beamer/latex

» Office, keynote, powerpoint...

+ HTML (3d, js,...)
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 Manim: https:// www.manim.community

» https://www.3bluelbrown.com



https://www.manim.community
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circle

e(Scene):

ict(self):

= Circle()
= Square()
flip(RIGHT)

.rotate(-3 * TAU / 8)
.set_filL(PINK, opacity=0.5)

self.play(Create(square))

self.play(Transform(square, circle))
self.play(FadeOut(square))




circle

square

square.

square

circle

e(Scene):

ict(self):

= Circle()
= Square()
flip(RIGHT)

.rotate(-3 * TAU / 8)
.set_filL(PINK, opacity=0.5)

self.play(Create(square))

self.play(Transform(square, circle))
self.play(FadeOut(square))




1le(Scene):
truct(self):

circle = Circle()

square = Square()

square. fl1ip(RIGHT)
square.rotate(-3 * TAU / 8)
circle.set_fi1l1L(PINK, opacity=0.5)

self.play(Create(square))
self.play(Transform(square, circle))
self.play(FadeOut(square))




1le(Scene):
truct(self):
circle = Circle()
square = Square()
square. fl1ip(RIGHT)

square.rotate(-3 * TAU / 8)
circle.set_fi1l1L(PINK, opacity=0.5)

self.play(Create(square))
self.play(Transform(square, circle))
self.play(FadeOut(square))




~le(Scene):
truct(self):
circle = Circle()
square = Square()
square. fl1ip(RIGHT)
square.rotate(-3 * TAU / 8)
circle.set_fill(PINK, opacity=0.5)

self.play(Create(square))

self.play(Transform(square, circle))
self.play(FadeOut(square))
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Wrap-up

Anticipez
Pratiquez
Posez vous la question « quelle est la fonction de mon illustration ? »

Faltes-vous aider



