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Introduction

» 18" century: Monge's Mémoire sur la Théorie des Déblais et
des Remblais

» 1940’'s: new formulation by Kantorovich

» New developments lately: works of Y. Brenier on fluid
mechanics
» Applications in
» meteorology (semi-geostrophic equations)
» statistical physics
» fundamental mathematics (isoperimetric problems, Sobolev
inequalities. . . )
» computer graphics
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Monge's formulation

Let (X, ) and (Y, v) be two measured spaces, c: X X Y - R a
cost function.
We are aiming at finding T : X — Y such that

min / c(x, T(x))du(x)
xeX

T st v=Typ

where Tyu(A) = u(T1(A)) is the pushforward of u by T.
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Let (X, ) and (Y, v) be two measured spaces, c: X X Y - R a
cost function.
We are aiming at finding T : X — Y such that

min / c(x, T(x))du(x)
xeX

T st v=Typ

where Tyu(A) = u(T1(A)) is the pushforward of u by T.
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Kantorovitch's formulation

Find 7 realizing

min / c(x,y)dm(x,y)
XxY

(p,v)= marginals of 7
where 1 is the pushforward of 7 by (x,y) +— x and v is the

pushforward of 7 by (x,y) — y , i.e. u(A)=m(A,Y) and
v(B) =7n(X,B)



Conveyor's principle

. )
n / (e )dn(y) = swp / od + / by

st ¢(x) +9(y) < clxy)
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Fluid mechanics' formulation

> Introduces the time variable

» Two density functions gg and g; describe the state of a fluid
at initial and final times

» Unknown: function g(x, t) describing the state of the fluid at
all times

» g minimizes the action locally in time =- formalized by a
minimization problem

» Discretization: one minimization problem by discretization
step

» These minimization problems can be expressed as Optimal
Transport problems
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Two approaches

Analogy with fluid mechanics :

» Lagrangian approach:
Study individual particles.

» Eulerian approach:
Study fixed points of the domain.




Two approaches

Analogy with fluid mechanics :

» Lagrangian approach:
Study individual particles.

» Eulerian approach:
Study fixed points of the domain.

— Discretization ?



Discretization

The Kantorovich problem

Continuous Discrete

L(p,v) = min /c(x y)dm(x,y)
) - Y ’ ’ L ,b C, P,
i) J (a,b) = plhin Z iPij




Entropic regularization
Discrete Kantorovich problem

L(a,b) C;P;
(@)% minyy 2 CisP
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Entropic regularization
Discrete Kantorovich problem

L(a,b) 4 C;P;
(@.0) = gpin,) 2 CisP

= solve it with a linear program: O(N3).

Entropy regularization [Cut13]

Le(a,b) = = Penlilngb)z CijPij —eH(P),

H(P) = — > Pijlog(P;;) is the discrete entropy (“dispersion”)

entr




Sinkhorn algorithm

Decomposition of the transport plan P:

P = diag(u)K diag(v) = exp(—C/e)
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Sinkhorn algorithm

Decomposition of the transport plan P:

P = diag(u)K diag(v) = exp(—C/e)
Marginal constraints:
Pl=a P'1=b
=uOKv=a voOKu=b
Loy @ JHy_ b

KV(I) KTu(l+1)



Sinkhorn algorithm

The Sinkhorn algorithm:

Input:

Histograms a,b € Xy,

kernel K = exp(—C/c) € RV*N,
number of iterations L

V:].N

for /=1...L do
u=a/Kv
v="b/K"u

end for
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Sinkhorn algorithm

The Sinkhorn algorithm:

Input:

Histograms a,b € Xy,

kernel K = exp(—C/c) € RV*N,
number of iterations L

V:].N
for/=1...L do

u=a/Kv
v="b/KTu
end for

Output:
Distance: Lg(a,b) =€ ((a,logu) + (b,logv))

Fast algorithm (O(N?) empirically, smooth distance !

\
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Sinkhorn algorithm

Influence of the regularization ¢:

b/\

~

~

o LP ab
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As e — 0: 0
> slower convergence 05
» numerical instabilities 4
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Sinkhorn barycenter

Euclidean barycenter:

S

p (A, \) £ argmin Z)\s |as — b||?
bEZN s=1
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Sinkhorn barycenter

Euclidean barycenter:

S

p(A N\ Z argmin Y X |las — b]|?
beXy ;

Wasserstein barycenter:
S

p(A,\) = argmin Z AsL?(ag, b)
bexy s—1

Regularized Wasserstein barycenter:

S
p- (A, \) £ argmin Z AsL3(as, b)
bexy



Sinkhorn barycenter

Input:

Histograms A =aj,...,as € 1y,
weights A € X g,

kernel K = exp(—C/e) € RNXN,
number of iterations L

V:]-N
for/=1...L do
u=a/Kv
v="b/K"u

end for




Sinkhorn barycenter

Input:

Histograms A =aj,...,as € 1y,
weights A € X g,

kernel K = exp(—C/e) € RNXN,
number of iterations L

Vs = ]-N Vs
for/=1...L do
u; = a;/Kvg Vs
v = be/KTu, Vs
end for




Sinkhorn barycenter

Input:

Histograms A =ai,...,as € Xy,
weights A € ¥g,

kernel K = exp(—C/c) € RV*N,
number of iterations L

v = 1y Vs
for/=1...L do
us; = ag/Kvg Vs
= [L,(KTus)* { }
vs = b/KTug Vs
end for

Result: Fast algorithm, smooth quantities !




Sinkhorn barycenter

Shape interpolation:

19/58



Sinkhorn barycenter

Regularization on barycenters:

- - e

- . e ae
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Sinkhorn barycenter

Eye candy:
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Sinkhorn barycenter

The Wasserstein space can be surprising sometimes...

M2DISCO KZDISCO G20 CO GEOMCD GEOMOD

M2DISCO HM2DISCO GZOISCO GEOMICD GEOMOD

MJUNSCQ  S2UNSNC0 GEOMOD
SAARA SAARA  SUMA RIAW
SAARA SAARA  SiEARA - RIAM

+ j)l.-.' )|
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Sinkhorn barycenter

The Wasserstein space can be surprising sometimes...

M2DISCO MZ2DISCO EZ015C0 GEOMCD GEOMOD
M2DISCO #M2ZDISCO GZ0ISCO GEOMOCD GEOMOD
G2UISCQ S2UIS00 SROIS00 GEOMERD GEDMOI
SAARA SAARA SUMRA RIAW
SAARA SAARA  S1EAnA Q3AM

22/58



Applications

Entropic OT is used as a loss function:

> smooth

» differentiable

» fast method for meaningful distance
Applications

» GANs [ACBL17]

» Color transfer [SdP*15, BPC16]

» Medical imaging [FCVP17] j

» Natural Language Processing [RCP16] |§ :‘_1
Inverse problems

» Wass. Barycentric Coord. [BPC16]

» Dictionary Learning [SHB118]

> Metric learning
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Semi-discrete problem

We specialize the initial formulation with:
» X a continuous Euclidian space

» Y ={y1,...,yn} a finite set of discrete sites
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Semi-discrete problem

We specialize the initial formulation with:
» X a continuous Euclidian space

» Y ={y1,...,yn} a finite set of discrete sites

min [ W el T()dn()
Tw=Tap JxeJ T1(x)

i=



Semi-discrete problem

We specialize the initial formulation with:
» X a continuous Euclidian space

» Y ={y1,...,yn} a finite set of discrete sites

N

min c(x, yi)du(x
iy, [, ot



Least-squares assignment

Definition (Least-squares assignment)

Given a domain X and a set of sites Y, a least-squares assignment
of X to Y is a function T : X — Y that minimizes

Jeex Ix = T(x)|? ax

It is said to be constrained if we require that each T~(y;) has a
given measure, then called its capacity.



Least-squares assignment

Definition (Least-squares assignment)

Given a domain X and a set of sites Y, a least-squares assignment
of X to Y is a function T : X — Y that minimizes

Jeex IIx = T(x)II? dx

It is said to be constrained if we require that each T~(y;) has a
given measure, then called its capacity.

Definition (Laguerre diagram)

A Laguerre diagram is a generalization of a Voronoi diagram,
where each site is assigned a weight.

Lag®(yi) = {x € X | c(x,yi) — ¢i < c(x,y;) — ¢,V # i}



Least-square assignment computation
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Least-square assignment computation
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Equivalence theorems

Theorem (Aurenhammer et al., 1998)

Any assignment from X to Y induced by a Laguerre diagram is a
constrained least-squares assignment for the corresponding
prescribed capacities.
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for given capacities can be realized by a certain Laguerre diagram.



Equivalence theorems

Theorem (Aurenhammer et al., 1998)

Any assignment from X to Y induced by a Laguerre diagram is a
constrained least-squares assignment for the corresponding
prescribed capacities.

Theorem (Aurenhammer et al., 1998)

Conversely, any constrained least-squares assignment from X to Y
for given capacities can be realized by a certain Laguerre diagram.

We can build a semi-discrete optimal transport plan just by tracing
a power diagram.



Unconstrained concave optimization

» Recall the dual Kantorovich formulation:
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Unconstrained concave optimization
» Recall the dual Kantorovich formulation:
N
max [ obdu(x) + > v
X i=1

o8
p+y<c

> Introducing the c-transform

V() =

inf i) — ¥i] = dist to the closest y;
1§|?§N[C(X’y') il istance to the closest y;,

we get an unconstrained optimization problem:

N
max /ch(x)du(x) + ; Yiv;.

PYERN



Unconstrained concave optimization

» Recall the dual Kantorovich formulation:

o8
p+y<c

N
max [ obdu(x) + > v
X i=1
> Introducing the c-transform
“(x)=_inf ) — 1] = distance to the closest y;
Pe(x) ISI?SN[C(X’yI) i istance to the closest y;,

we get an unconstrained optimization problem:

N
max /ch(x)du(x) + ; Yiv;.

PYERN

» Because X = |_|,N:1 Lag¥(y;) and under some assumptions:

1 Id 177
maxZ/Lagw(y’ (x,yi) + ¥i)dp(x +Z¢u

PERN



Unconstrained concave optimization (cont.)

» Continuing the previous calculations, we get'

max ®(1p Z/Lagwy (x, yi)du(x +Z¢, (V) —vp)

PYERN

where G;(¢) = fLagw(yl_) dp(x) = weighted area of Lag¥(y;).



Unconstrained concave optimization (cont.)

» Continuing the previous calculations, we get'

max ®(1p Z/Lagwy (x, yi)du(x +Z¢, (V) —vp)

PYERN

where Gi(¢)) = [ 0 ( () dp(x) = weighted area of Lag¥(y;).
» One can show that ® is concave and its gradient is given by:

Vo(y) = 6() —v.



Unconstrained concave optimization (cont.)

» Continuing the previous calculations, we get'
N

max (1) / X s Yi d# + ¢I I — Vi
peRN W)= Z Lag”(y) Z :
where Gi(¢)) = [ 0 ( () dp(x) = weighted area of Lag¥(y;).

» One can show that ® is concave and its gradient is given by:

Vo(y) = 6() —v.

Theorem
Semi-discrete optimal transport <= finding ) € RN such that:

VI, G,(w) = V.
The optimal transport map Ty, is given by the assignment

Ty:xeX—=yjst xe Lag¥(y;).



lllustrations of semi-discrete optimal transport

Setting: quadratic cost c(x,y) = ||x — y||?
» Source = uniform density on a square,
» Target = uniform, points sampled in a small region,

L

Figure: Left: initial Laguerre diagram. Right: final Laguerre diagram.
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lllustrations of semi-discrete optimal transport

Setting: quadratic cost c(x,y) = ||x — y||?
» Source = uniform density on a square,
» Target = uniform, points sampled in a small region,
» Points do NOT move.

L

Figure: Left: initial Laguerre diagram. Right: final Laguerre diagram.

31/58



Numerical methods

Different methods:
» Oliker-Prussner type algorithms [CKO99]

» coordinatewise decrement;
» complexity = O(N3/n) where 1 = numerical precision.
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Numerical methods

Different methods:
» Oliker-Prussner type algorithms [CKO99]

» coordinatewise decrement;
» complexity = O(N3/n) where 1 = numerical precision.

» Unconstrained concave optimization

» one can use any classical optimization method;
» Newton or quasi-Newton methods (order 2) [Mérll, Mirl5];
> better practical complexity and convergence guarantees.

Figure: Early universe reconstruction using semi-discrete optimal
transport (Brenier et al, pictures by B. Lévy).
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Damped Newton's method

Input A density p, a discrete measure v = ZIN:I Vidy,,
A numerical error n > 0,
Weights 4% € RV such that
€0 := min [min; Gi(y?), min,-l/,-} > 0.
While HG(z/Jk) - 1/H2 >n
» Compute vk = —DG(¢vX)T(G(v*) —v),
» Find the smallest / € N such that
1/}/(,@ = 1/1" +2-¢vk and
- (k) >
,min Gi(¥™7) = <o

oty o] =@z o o]

» Set k1 =k 4 270yk et k « k4 1.
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» Find the smallest £ € N such that
1/1“ = 1/1" +2-¢vk and

min_ G;(1)*%) > &
1<i<N

ot -of, =12 oo,

» Set k1 =k 4 270yk et k « k4 1.



Damped Newton's method

Input A density 1, a discrete measure v = SN v;6,,,
A numerical error n > 0,
Weights 4% € RV such that
€0 := min [min; Gi(y?), min,-l/,-] > 0.
While HG(z/Jk) - 1/H2 >n
» Compute vk = —DG(¢vX)T(G(v*) —v),
» Find the smallest £ € N such that
1/1“ = 1/1" +2-¢vk and
min G;(Lbk’f) > g0
1<i<N

ot -of, =12 oo,

» Set kTt =k 120K et k + k + 1.
Output ¥ such that HG(wk) - 1/H2 <.
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We set E. = {p € RN | Vi, G;(¢)) > €}. The algorithm converges
globally with a linear rate and is locally quadratic if:
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Guarantees of Newton's method

Theorem (Convergence)

We set E. = {p € RN | Vi, G;(¢)) > €}. The algorithm converges
globally with a linear rate and is locally quadratic if:

» (Regularity) G is C* on E.,
» (Strict monotonicity) Vi) € E., DG is negative definite on
{cst}t.
True for :
» [Mirl5] quadratic cost for a density in R? and R3,

» [KMT19] cost satisfying the so-called Ma-Trudinger-Wang
condition (verified for c(x,y) = ||x — y||?) and measures
supported on subsets of RY,

» [MMT18] quadratic cost and measure supported on a simplex
soup (think triangulations in R3).



Application: inverse problem in optics

Mirror R Target Tight

Lens R
R? x {0}
Collimated source Collimated source
Mirror R mmgm
Lens R

0

Point source Point source
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Optimal transport and optics

Ideas:
» discretize target light v = Z,N:l Vidy,,
> parametrize the mirror or lens by x — Ry (x) where ¢ € RV,

> introduce the visibility cell for direction y;:
V¥(y;) = {x € X | x reflected/refracted towards y;},

» we can show that V¥(y;) = Lag¥(y;) for a certain cost c,
» finally Lag¥(y;) = X N Pow®(p;) = efficient computation
of Lag” (y))



Inverse problems in optics: physical prototypes

Example of a lens for a collimated light source




Inverse problems in optics: physical prototypes

Example of a mirror for a collimated light source




Inverse problems in optics: simulation

Figure: Three lenses where each one of them targets a color channel of
an image.



Application: symmetrized semi-discrete optimal transport

(xi) := rand()

(yi) := rand()

¢i=1/N

¢,’ = ]_/N

while ad lib do
(¢i) := optimal transport weights from (€, ) to (x;)
(vi) := centroids of Lag®(x;)
(vi) := optimal transport weights from (2, v) to (y;)
(x;) := centroids of Lag?(y;)

end while
Algorithm 1: Alternating algorithm for computing symmetrized op-

timal transport plans



Direct algorithm

i), (i) =
Z ” XELag¢(X: X p,> ! Z v </yeLagw(y;) Py = q;)

n

)
/><€Lag¢ () e =i o (x )dx_z/ ly = yill® p(y)dy

i—1 Jy€lag¥(v)
el [ ety [ ety
i—1 y€Lag¥(y;) y€Lag¥(yi)

n
+ZA Yi / P(X)dx_/ xp(x)dx
i1 x€Lag?(x;) €lag?(x;)

2

2




Direct algorithm

i), (¢): (i) =
Z “ XELag¢(X X p,> ’ Z v </yeLagw(yz) e m)

n

)
_ R
/XGLag HX B XIH O'(X)dX Z/ ) Hy YIH p(y)dy

—1 Jy€elag¥(yi)
£l / oy - | yoly)dy
=1 y€Lag¥(y;) y€Lag?(y;)

n
+ZA Yi / P(X)dx_/ xp(x)dx
i1 x€Lag?(x;) €Lag?(x;)

2

2




Breaking down the objective function

; ” </X6Lag¢(x,-> 70 pi)

n

—Z/ IIx — xil|2 o (x)dx
: x€Lag?(x;)

i=1

to compare with

S 6, ( / ECTCR u(y>) - [ et

veyY ¢



Breaking down the objective function

Centroid of Lag®(x;):

feLagqb(X,.) xp(x)dx
feLag‘i’(x,-) p(X)dX

Thus
Vi / p(x)dx—/ xp(x)dx|| =0
x€Lag?(x;) €Lag?(x;)

= Vi, y; is at the barycenter of Lagd’(x,-)

S A
i=1
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Sliced Optimal Transport - Introduction

Motivation

» OT is a useful tool
» Computationally costly
» No algorithm in high dimensions

» Need for an approximation



Sliced Wasserstein Distance

Definition [RPDB11]

W,(X,Y) = ( - W,(Xo. Yg)de)p
S

where
Xo = {{Xi,0)},
Q= {0 R0 =1},
Wy (X, Yp) the 1D Wasserstein-p distance between Xj and Yy



A Link to OT

Which Properties for Sliced Wasserstein Distance ? [Bon13]

» Sliced Wasserstein Distance is a Distance
> Triangular inequality
» W(p,v) =0 pu=v
» "Equivalent” to standard Wasserstein Distance for distribution
with finite support
Cd,p Wp(uv V)p < Wp(:uv V)P < Cd,p Wp(ﬂv V)l/(d+1)



1D Optimal Transport

» Brenier's Theorem no flux crossing for p > 1 [Bre91]
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1D Optimal Transport
Discrete Sliced Algorithm

» Sort both point sets along
0

> Assign points greedily

» Compute Transport Cost

~——~—




1D Optimal Transport
Semi-Discrete Sliced Algorithm
» Compute Distribution
Radon transform along 6
and corresponding CDF
and inverse CDF

» Sort points along 6

> Assign each point to a cell
of same

o Xi
<Xf79 .
- b

~ Assignment



A Bit of Monte Carlo

1
2

Wy(X,Y) = ( . W, (Xo, Y9)2d6>
S



A Bit of Monte Carlo

K 2

y 1

W, (X, Y) ~ (K Z W (X, Ye,—)2>
i=1

with {61, ...,0k} uniformly picked directions

> W, (Xy;, Yo,) computed in O (nlogn)
» Approximation in O (Knlog n)



A Bit of Monte Carlo

Data: X and Y two distributions, {61, ..., 0k} K uniformly
distributed directions
Igesult: W: The sliced Wasserstein-p Distance between X and Y

W = 0;

for i = 1..K do

| W= Wo(X,, Y6,
end

W /= K;

W = W,

Algorithm 2: Sliced Wasserstein-p Distance Approximation Com-
putation



A Bit of Monte Carlo

Data: X and Y two sets of N reals
Result: W: The 1D Wasserstein-p Distance between X and Y
SORT(X);
SORT(Y);
W = 0;
for i = 1..N do

W= X - Y
end
W = Ws;

Algorithm 3: 1D Discrete Wasserstein-p Distance Computation



A Bit of Monte Carlo

Data: X a set of N reals, C the CDF of target distribution
Result: W: The 1D Wasserstein-p Distance between X and Y
SORT(X);

W =0;
for i = 0..N-1 do

W - (o)
end

Algorithm 4: 1D Semi-Discrete Wasserstein-p Distance Computa-
tion



Sliced Optimal Transport Minimization (Semi-Discrete)

Problem Statement

» Given a distribution Y on R find a point set X C R? of size
N that minimizes the W, (X, Y)

[terative Method

> Inspired from Stochastic Gradient Descent

» Minimize each point contribution to the cost and iterate



Sliced Optimal Transport Minimization (Semi-Discrete)

Iterative Method
> Agregate d,-a for multiple

to approximate the
gradient for point X;

» Displace X; according to
estimated gradient

> lterate until convergence




Sliced Optimal Transport Minimization (Semi-Discrete)
Data: X: N random points, Y: a distribution, M: number of
slices for gradient approximation
Result: X: N points minimizing W, (X, Y)
while Not Converged do
for j = 1..M do
¢ = Random Direction;
d,-6 displacement of X; along 6 to minimize W,(Xy, Yp);
for i = 1..N do
d?
| di 4= %0,
end
end
for i =1..N do
Xi +=d;;
d =0;

end

end
Algorithm 5: Iterative Optimization Method



Texture Interpolation [RPDB11]

Figure: Texture interpolation using an iterative optimization method to
find the Wasserstein Barycenter X minimizing Y _ piW5(X, Y;) with J a

Yied
set of distributions
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Point Cloud Registration [BC19]

Figure: Pointset Registration using Sliced Partial Optimal Transport

0
o
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Sampling

Figure: Uniform Sampling using sliced optimal transport minimization



High Dimensional Point Assignement Problem

Video



Conclusion

Usage of optimal transport:
» such matching

» wow, meaningful distances

v

very loss function for optimization
» much interpolation (barycenters)
Other advantages:
» works in different settings;

> can be computed efficiently;
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Conclusion

Usage of optimal transport:

» such matching

» wow, meaningful distances

» very loss function for optimization

» much interpolation (barycenters)
Other advantages:

» works in different settings;

> can be computed efficiently;

Thank you for your attention.
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