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Introduction

I 18th century: Monge’s Mémoire sur la Théorie des Déblais et
des Remblais

I 1940’s: new formulation by Kantorovich

I New developments lately: works of Y. Brenier on fluid
mechanics

I Applications in
I meteorology (semi-geostrophic equations)
I statistical physics
I fundamental mathematics (isoperimetric problems, Sobolev

inequalities. . . )
I computer graphics
I . . .
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Monge’s formulation
Let (X , µ) and (Y , ν) be two measured spaces, c : X × Y → R a
cost function.
We are aiming at finding T : X → Y such that

min
T s.t. ν=T]µ

∫
x∈X

c(x ,T (x))dµ(x)

where T]µ(A) = µ(T−1(A)) is the pushforward of µ by T .

T

T−1(A)
A
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Kantorovitch’s formulation

Find π realizing

min
(µ,ν)= marginals of π

∫
X×Y

c(x , y)dπ(x , y)

where µ is the pushforward of π by (x , y) 7→ x and ν is the
pushforward of π by (x , y) 7→ y , i.e. µ(A) = π(A,Y ) and
ν(B) = π(X ,B)
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Conveyor’s principle

inf
π

∫
c(x , y)dπ(x , y) = sup

(φ,ψ)

∫
φdµ+

∫
ψdν

s.t φ(x) + ψ(y) ≤ c(x , y)
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Fluid mechanics’ formulation

I Introduces the time variable

I Two density functions g0 and g1 describe the state of a fluid
at initial and final times

I Unknown: function g(x , t) describing the state of the fluid at
all times

I g minimizes the action locally in time ⇒ formalized by a
minimization problem

I Discretization: one minimization problem by discretization
step

I These minimization problems can be expressed as Optimal
Transport problems
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Two approaches

Analogy with fluid mechanics :

I Lagrangian approach:
Study individual particles.

I Eulerian approach:
Study fixed points of the domain.
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Two approaches

Analogy with fluid mechanics :

I Lagrangian approach:
Study individual particles.

I Eulerian approach:
Study fixed points of the domain.

→ Discretization ?
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Discretization

The Kantorovich problem

Continuous

L(µ, ν) = min
π∈Π(µ,ν)

∫
X×Y

c(x , y)dπ(x , y)

µ

ν

Discrete

L(a,b)
def.
= min

P∈Π(a,b)

∑
i ,j

Ci ,jPi ,j
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Entropic regularization
Discrete Kantorovich problem

L(a,b)
def.
= min

P∈Π(a,b)

∑
i ,j

Ci ,jPi ,j

⇒ solve it with a linear program: O(N3).

Entropy regularization [Cut13]

LεC(a,b)
def.
= min

P∈Π(a,b)

∑
i ,j

Ci ,jPi ,j − εH(P),

H(P)
def.
= −

∑
i ,j Pi ,j log(Pi ,j) is the discrete entropy (“dispersion”)
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Sinkhorn algorithm

Decomposition of the transport plan P:

P = diag(u)K diag(v) K = exp(−C/ε)

=

Marginal constraints:

P1 = a PT1 = b

⇒ u�Kv = a v �Ku = b

⇒ u(l+1) =
a

Kv(l)
v(l+1) =

b

KTu(l+1)
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Sinkhorn algorithm

The Sinkhorn algorithm:

Input:
Histograms a,b ∈ ΣN ,
kernel K = exp(−C/ε) ∈ RN×N ,
number of iterations L

v = 1N
for l = 1 . . . L do
u = a/Kv
v = b/KTu

end for
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Sinkhorn algorithm

The Sinkhorn algorithm:

Input:
Histograms a,b ∈ ΣN ,
kernel K = exp(−C/ε) ∈ RN×N ,
number of iterations L

v = 1N
for l = 1 . . . L do
u = a/Kv
v = b/KTu

end for

Output:
Distance: LεC(a,b) = ε (〈a, log u〉+ 〈b, log v〉)
Fast algorithm (O(N2) empirically, smooth distance !
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Sinkhorn algorithm

Influence of the regularization ε:

LP abT

As ε→ 0:

I slower convergence

I numerical instabilities
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Sinkhorn barycenter

Euclidean barycenter:

p (A, λ)
def.
= argmin

b∈ΣN

S∑
s=1

λs ‖as − b‖2

?

Wasserstein barycenter:

p (A, λ)
def.
= argmin

b∈ΣN

S∑
s=1

λsL
2(as ,b)

Regularized Wasserstein barycenter:

pε (A, λ)
def.
= argmin

b∈ΣN

S∑
s=1

λsL
2
ε(as ,b)
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Sinkhorn barycenter

Input:
Histograms A = a1, . . . , aS ∈ ΣN ,
weights λ ∈ ΣS ,
kernel K = exp(−C/ε) ∈ RN×N ,
number of iterations L

v = 1N
for l = 1 . . . L do
u = a/Kv
v = b/KTu

end for
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Sinkhorn barycenter

Input:
Histograms A = a1, . . . , aS ∈ ΣN ,
weights λ ∈ ΣS ,
kernel K = exp(−C/ε) ∈ RN×N ,
number of iterations L

vs = 1N ∀s
for l = 1 . . . L do
us = as/Kvs ∀s
vs = bs/KTus ∀s

end for
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Sinkhorn barycenter

Input:
Histograms A = a1, . . . , aS ∈ ΣN ,
weights λ ∈ ΣS ,
kernel K = exp(−C/ε) ∈ RN×N ,
number of iterations L

vs = 1N ∀s
for l = 1 . . . L do
us = as/Kvs ∀s
b =

∏
s(KTus)λs {geometric mean}

vs = b/KTus ∀s
end for

Result: Fast algorithm, smooth quantities !
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Sinkhorn barycenter

Shape interpolation:
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Sinkhorn barycenter

Regularization on barycenters:
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Sinkhorn barycenter

Eye candy:
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Sinkhorn barycenter

The Wasserstein space can be surprising sometimes...
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Sinkhorn barycenter

The Wasserstein space can be surprising sometimes...
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Applications

Entropic OT is used as a loss function:

I smooth

I differentiable

I fast method for meaningful distance

Applications

I GANs [ACB17]

I Color transfer [SdP+15, BPC16]

I Medical imaging [FCVP17]

I Natural Language Processing [RCP16]

Inverse problems

I Wass. Barycentric Coord. [BPC16]

I Dictionary Learning [SHB+18]

I Metric learning
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Semi-discrete problem

We specialize the initial formulation with:

I X a continuous Euclidian space

I Y = {y1, . . . , yn} a finite set of discrete sites
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Semi-discrete problem

We specialize the initial formulation with:

I X a continuous Euclidian space

I Y = {y1, . . . , yn} a finite set of discrete sites

min
T ,ν=T]µ

N∑
i=1

∫
x∈T−1(yi )

c(x , yi )dµ(x)
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Least-squares assignment

Definition (Least-squares assignment)

Given a domain X and a set of sites Y , a least-squares assignment
of X to Y is a function T : X → Y that minimizes∫
x∈X ‖x − T (x)‖2 dx

It is said to be constrained if we require that each T−1(yi ) has a
given measure, then called its capacity.

Definition (Laguerre diagram)

A Laguerre diagram is a generalization of a Voronoi diagram,
where each site is assigned a weight.

Lagφ(yi ) = {x ∈ X | c(x , yi )− φi ≤ c(x , yj)− φj ,∀j 6= i}
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Least-square assignment computation

Figure: Laguerre diagram
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Equivalence theorems

Theorem (Aurenhammer et al., 1998)

Any assignment from X to Y induced by a Laguerre diagram is a
constrained least-squares assignment for the corresponding
prescribed capacities.

Theorem (Aurenhammer et al., 1998)

Conversely, any constrained least-squares assignment from X to Y
for given capacities can be realized by a certain Laguerre diagram.

We can build a semi-discrete optimal transport plan just by tracing
a power diagram.
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Unconstrained concave optimization
I Recall the dual Kantorovich formulation:

max
φ,ψ

φ+ψ≤c

∫
X
φ(x)dµ(x) +

N∑
i=1

ψiνi .

I Introducing the c-transform

ψc(x) = inf
1≤i≤N

[c(x , yi )− ψi ] = distance to the closest yi ,

we get an unconstrained optimization problem:

max
ψ∈RN

∫
X
ψc(x)dµ(x) +

N∑
i=1

ψiνi .

I Because X =
⊔N

i=1 Lagψ(yi ) and under some assumptions:

max
ψ∈RN

N∑
i=1

∫
Lagψ(yi )

(c(x , yi ) + ψi )dµ(x) +
N∑
i=1

ψiνi .



29/58

Unconstrained concave optimization
I Recall the dual Kantorovich formulation:

max
φ,ψ

φ+ψ≤c

∫
X
φ(x)dµ(x) +

N∑
i=1

ψiνi .

I Introducing the c-transform

ψc(x) = inf
1≤i≤N

[c(x , yi )− ψi ] = distance to the closest yi ,

we get an unconstrained optimization problem:

max
ψ∈RN

∫
X
ψc(x)dµ(x) +

N∑
i=1

ψiνi .

I Because X =
⊔N

i=1 Lagψ(yi ) and under some assumptions:

max
ψ∈RN

N∑
i=1

∫
Lagψ(yi )

(c(x , yi ) + ψi )dµ(x) +
N∑
i=1

ψiνi .



29/58

Unconstrained concave optimization
I Recall the dual Kantorovich formulation:

max
φ,ψ

φ+ψ≤c

∫
X
φ(x)dµ(x) +

N∑
i=1

ψiνi .

I Introducing the c-transform

ψc(x) = inf
1≤i≤N

[c(x , yi )− ψi ] = distance to the closest yi ,

we get an unconstrained optimization problem:

max
ψ∈RN

∫
X
ψc(x)dµ(x) +

N∑
i=1

ψiνi .

I Because X =
⊔N

i=1 Lagψ(yi ) and under some assumptions:

max
ψ∈RN

N∑
i=1

∫
Lagψ(yi )

(c(x , yi ) + ψi )dµ(x) +
N∑
i=1

ψiνi .



30/58

Unconstrained concave optimization (cont.)
I Continuing the previous calculations, we get:

max
ψ∈RN

Φ(ψ) :=
N∑
i=1

∫
Lagψ(yi )

c(x , yi )dµ(x) +
N∑
i=1

ψi (Gi (ψ)− νi )

where Gi (ψ) =
∫

Lagψ(yi )
dµ(x) = weighted area of Lagψ(yi ).

I One can show that Φ is concave and its gradient is given by:

∇Φ(ψ) = G (ψ)− ν.

Theorem
Semi-discrete optimal transport ⇐⇒ finding ψ ∈ RN such that:

∀i , Gi (ψ) = νi .

The optimal transport map Tψ is given by the assignment

Tψ : x ∈ X 7→ yi s.t. x ∈ Lagψ(yi ).
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Illustrations of semi-discrete optimal transport

Setting: quadratic cost c(x , y) = ‖x − y‖2

I Source = uniform density on a square,
I Target = uniform, points sampled in a small region,

I Points do NOT move.

Figure: Left: initial Laguerre diagram. Right: final Laguerre diagram.
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Numerical methods

Different methods:
I Oliker-Prussner type algorithms [CKO99]

I coordinatewise decrement;
I complexity = O(N3/η) where η = numerical precision.

I Unconstrained concave optimization
I one can use any classical optimization method;
I Newton or quasi-Newton methods (order 2) [Mér11, Mir15];
I better practical complexity and convergence guarantees.
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Numerical methods

Different methods:
I Oliker-Prussner type algorithms [CKO99]

I coordinatewise decrement;
I complexity = O(N3/η) where η = numerical precision.

I Unconstrained concave optimization
I one can use any classical optimization method;
I Newton or quasi-Newton methods (order 2) [Mér11, Mir15];
I better practical complexity and convergence guarantees.

Figure: Early universe reconstruction using semi-discrete optimal
transport (Brenier et al, pictures by B. Lévy).
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Damped Newton’s method

Input A density µ, a discrete measure ν =
∑N

i=1 νiδyi ,
A numerical error η > 0,
Weights ψ0 ∈ RN such that
ε0 := min

[
mini Gi (ψ

0), mini νi
]
> 0.

While
∥∥G (ψk)− ν

∥∥
2
≥ η

I Compute vk = −DG (ψk)+(G (ψk)− ν),
I Find the smallest ` ∈ N such that
ψk,` := ψk + 2−`vk and

min
1≤i≤N

Gi (ψ
k,`) ≥ ε0∥∥∥G (ψk,`)− ν
∥∥∥

2
≤ (1− 2−(`+1))

∥∥∥G (ψk)− ν
∥∥∥

2
.

I Set ψk+1 = ψk + 2−`vk et k ← k + 1.

Output ψk such that
∥∥G (ψk)− ν

∥∥
2
≤ η.
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0), mini νi
]
> 0.

While
∥∥G (ψk)− ν

∥∥
2
≥ η

I Compute vk = −DG (ψk)+(G (ψk)− ν),
I Find the smallest ` ∈ N such that
ψk,` := ψk + 2−`vk and

min
1≤i≤N

Gi (ψ
k,`) ≥ ε0∥∥∥G (ψk,`)− ν
∥∥∥

2
≤ (1− 2−(`+1))

∥∥∥G (ψk)− ν
∥∥∥

2
.

I Set ψk+1 = ψk + 2−`vk et k ← k + 1.

Output ψk such that
∥∥G (ψk)− ν
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2
≤ η.
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Guarantees of Newton’s method

Theorem (Convergence)

We set Eε = {ψ ∈ RN | ∀i , Gi (ψ) > ε}. The algorithm converges
globally with a linear rate and is locally quadratic if:

I (Regularity) G is C1 on Eε,

I (Strict monotonicity) ∀ψ ∈ Eε, DG is negative definite on
{cst}⊥.

True for :

I [Mir15] quadratic cost for a density in R2 and R3,

I [KMT19] cost satisfying the so-called Ma-Trudinger-Wang
condition (verified for c(x , y) = ‖x − y‖2) and measures
supported on subsets of Rd ,

I [MMT18] quadratic cost and measure supported on a simplex
soup (think triangulations in R3).
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Application: inverse problem in optics
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Optimal transport and optics

Ideas:

I discretize target light ν =
∑N

i=1 νiδyi ,

I parametrize the mirror or lens by x 7→ Rψ(x) where ψ ∈ RN ,

I introduce the visibility cell for direction yi :

Vψ(yi ) = {x ∈ X | x reflected/refracted towards yi},

I we can show that V ψ(yi ) = Lagψ(yi ) for a certain cost c,

I finally Lagψ(yi ) = X ∩ Powω(pi ) =⇒ efficient computation
of Lagψ(yi ).
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Inverse problems in optics: physical prototypes

Example of a lens for a collimated light source
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Inverse problems in optics: physical prototypes

Example of a mirror for a collimated light source
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Inverse problems in optics: simulation

Figure: Three lenses where each one of them targets a color channel of
an image.
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Application: symmetrized semi-discrete optimal transport

(xi ) := rand()
(yi ) := rand()
φi := 1/N
ψi := 1/N
while ad lib do

(φi ) := optimal transport weights from (Ω, µ) to (xi )
(yi ) := centroids of Lagφ(xi )
(ψi ) := optimal transport weights from (Ω, ν) to (yi )
(xi ) := centroids of Lagψ(yi )

end while
Algorithm 1: Alternating algorithm for computing symmetrized op-
timal transport plans
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Direct algorithm

Φ((xi ), (yi ), (φi ), (ψi )) =
n∑

i=1

φi

(∫
x∈Lagφ(xi )

σ(x)dx − pi

)
+

n∑
i=1

ψi

(∫
y∈Lagψ(yi )

ρ(y)dy − qi

)

−
n∑

i=1

∫
x∈Lagφ(xi )

‖x − xi‖2 σ(x)dx −
n∑

i=1

∫
y∈Lagψ(yi )

‖y − yi‖2 ρ(y)dy

+
n∑

i=1

A

∥∥∥∥∥xi ·
∫
y∈Lagψ(yi )

σ(y)dy −
∫
y∈Lagψ(yi )

yσ(y)dy

∥∥∥∥∥
2

+
n∑

i=1

A

∥∥∥∥∥yi ·
∫
x∈Lagφ(xi )

ρ(x)dx −
∫
∈Lagφ(xi )

xρ(x)dx

∥∥∥∥∥
2
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Breaking down the objective function

n∑
i=1

φi

(∫
x∈Lagφ(xi )

σ(x)dx − pi

)

−
n∑

i=1

∫
x∈Lagφ(xi )

‖x − xi‖2 σ(x)dx

to compare with

∑
y∈Y

φy

(∫
x∈T−1

φ

dµ(x)− ν(y)

)
−
∫
x∈T−1

φ

c(x , y)dµ(x)
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Breaking down the objective function

Centroid of Lagφ(xi ): ∫
∈Lagφ(xi )

xρ(x)dx∫
∈Lagφ(xi )

ρ(x)dx

Thus

n∑
i=1

A

∥∥∥∥∥yi ·
∫
x∈Lagφ(xi )

ρ(x)dx −
∫
∈Lagφ(xi )

xρ(x)dx

∥∥∥∥∥
2

= 0

⇒ ∀i , yi is at the barycenter of Lagφ(xi )
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Sliced Optimal Transport - Introduction

Motivation

I OT is a useful tool

I Computationally costly

I No algorithm in high dimensions

I Need for an approximation
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Sliced Wasserstein Distance

Definition [RPDB11]

W̃p(X ,Y ) =

(∫
θ∈Ω

Wp(Xθ,Yθ)pdθ

) 1
p

where

Xθ = {〈Xi , θ〉},
Ω =

{
θ ∈ Rd | ‖θ‖ = 1

}
,

Wp(Xθ,Yθ) the 1D Wasserstein-p distance between Xθ and Yθ
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A Link to OT

Which Properties for Sliced Wasserstein Distance ? [Bon13]

I Sliced Wasserstein Distance is a Distance
I Triangular inequality
I W̃ (µ, ν) = 0⇔ µ = ν

I ”Equivalent” to standard Wasserstein Distance for distribution
with finite support

cd ,pW̃p(µ, ν)p ≤Wp(µ, ν)p ≤ Cd ,pW̃p(µ, ν)1/(d+1)
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1D Optimal Transport

I Brenier’s Theorem no flux crossing for p > 1 [Bre91]
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1D Optimal Transport

Discrete Sliced Algorithm

I Sort both point sets along
θ

I Assign points greedily

I Compute Transport Cost

θ

Xi

〈Xi , θ〉
〈Yi , θ〉
Yi
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1D Optimal Transport

Semi-Discrete Sliced Algorithm

I Compute Distribution
Radon transform along θ
and corresponding CDF
and inverse CDF

I Sort points along θ

I Assign each point to a cell
of same

θ

Xi

〈Xi , θ〉
C−1( 0.5+i

N )
Assignment
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A Bit of Monte Carlo

W̃p(X ,Y ) =

(∫
θ∈Ω

Wp(Xθ,Yθ)2dθ

) 1
2
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A Bit of Monte Carlo

W̃p(X ,Y ) ≈

(
1

K

K∑
i=1

Wp(Xθi ,Yθi )
2

) 1
2

with {θ1, ..., θK} uniformly picked directions

I Wp(Xθi ,Yθi ) computed in O (n log n)

I Approximation in O (Kn log n)
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A Bit of Monte Carlo

Data: X and Y two distributions, {θ1, ..., θK} K uniformly
distributed directions

Result: W̃: The sliced Wasserstein-p Distance between X and Y
W̃ = 0;
for i = 1..K do

W̃ += Wp(Xθi , Yθi )
p;

end

W̃ /= K;

W̃ = W̃
1
p ;

Algorithm 2: Sliced Wasserstein-p Distance Approximation Com-
putation
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A Bit of Monte Carlo

Data: X and Y two sets of N reals
Result: W : The 1D Wasserstein-p Distance between X and Y
SORT(X );
SORT(Y );
W = 0;
for i = 1..N do

W += |Xi − Yi |p;
end

W = W
1
p ;

Algorithm 3: 1D Discrete Wasserstein-p Distance Computation
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A Bit of Monte Carlo

Data: X a set of N reals, C the CDF of target distribution
Result: W : The 1D Wasserstein-p Distance between X and Y
SORT(X );
W = 0;
for i = 0..N-1 do

W +=
∣∣Xi − C−1

(
0.5+i
N

)∣∣p;
end

W = W
1
p ;

Algorithm 4: 1D Semi-Discrete Wasserstein-p Distance Computa-
tion
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Sliced Optimal Transport Minimization (Semi-Discrete)

Problem Statement

I Given a distribution Y on Rd find a point set X ⊂ Rd of size
N that minimizes the W̃p (X ,Y )

Iterative Method

I Inspired from Stochastic Gradient Descent

I Minimize each point contribution to the cost and iterate
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Sliced Optimal Transport Minimization (Semi-Discrete)

Iterative Method

I Agregate dθi for multiple θ
to approximate the
gradient for point Xi

I Displace Xi according to
estimated gradient

I Iterate until convergence θ

Xi

〈Xi , θ〉
C−1( 0.5+i

N )
di
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Sliced Optimal Transport Minimization (Semi-Discrete)
Data: X : N random points, Y : a distribution, M: number of

slices for gradient approximation
Result: X : N points minimizing W̃p(X ,Y )
while Not Converged do

for j = 1..M do
θ = Random Direction;

dθi displacement of Xi along θ to minimize Wp(Xθ,Yθ);
for i = 1..N do

di +=
dθi
M θ;

end

end
for i = 1..N do

Xi += di ;
di = 0;

end

end
Algorithm 5: Iterative Optimization Method
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Texture Interpolation [RPDB11]

Figure: Texture interpolation using an iterative optimization method to

find the Wasserstein Barycenter X minimizing
∑
Yi∈J

piW̃2(X ,Yi ) with J a

set of distributions
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Point Cloud Registration [BC19]

Figure: Pointset Registration using Sliced Partial Optimal Transport
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Sampling

Figure: Uniform Sampling using sliced optimal transport minimization
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High Dimensional Point Assignement Problem

Video
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Conclusion

Usage of optimal transport:

I such matching

I wow, meaningful distances

I very loss function for optimization

I much interpolation (barycenters)

Other advantages:

I works in different settings;

I can be computed efficiently;
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Conclusion

Usage of optimal transport:
I such matching
I wow, meaningful distances
I very loss function for optimization
I much interpolation (barycenters)

Other advantages:
I works in different settings;
I can be computed efficiently;

Thank you for your attention.
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Optimal Transport for Diffeomorphic Registration, arXiv:1706.05218
[math] (2017) (en), ZSCC: 0000020 arXiv: 1706.05218.
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Julien Rabin, Gabriel Peyré, Julie Delon, and Marc Bernot, Wasserstein
barycenter and its application to texture mixing, International Conference
on Scale Space and Variational Methods in Computer Vision, Springer,
2011, pp. 435–446.

Justin Solomon, Fernando de Goes, Gabriel Peyré, Marco Cuturi, Adrian
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